| ate uniformizaton  thevrem :

De,f: Let Y be a rigol analytic R-space, and Llet T' be a
group of automorphism of Y We say that T’ acts obscontinumcshy

if there exists an admissible twering (Yi)iep of Y such that

{ Yevr | vY; n Yi =F¢} 'S )[.-mtc V iel

Gwen Y and [ above, we can define & rigid anolytic  R-space olenotzd

b? Y/,” ond & map p . Y — Y/ as follows:

O set : Y/T is the set -thevetic quotient
@ G-topology: WL < Y/P adwmissible if pu) is odmissible open in Y,

{ui = U35e1 admissible if {10y~ plewr) s9 .

'S
iel

® Structure sheof: ¥ admissible open U ¢ Y/IT, 0{,,—-’”)=0Y{I’"1w)rf

an
Example - for Gn= Spec (RLT*1) and G , ek st. 0<1al<t | then
With the admissible cover Y, = {x € Gr::;' C 1™ 1] g Ml“} ,we sec

thet +the action q,Z" N Gr:: is discontinuons

an
One. con  show thet E@;: Gm/q& is @ Connected, smooth, pyorw r.‘?.'ol
ansly tic k- space of dim 1



Theoram: ( Weiersovass’  form )
_ e
Let  Swie) = ’3-—1 |-q" Which  canverges for 14| <1

Define G4(4) = -5304) , afcqy = - sa;m';'lasn) and

qu’ b? a’-q— 7“9' —_ x3 + Ql}v(“ﬂ + ab(‘” in ‘FZ
Then we have E‘l, : G‘v::./%z 2 Eq/

w _ { (Xcw.w,Yea,m) if uggl
O‘Pomt at oo 7)( MGQZ

/’

9w
nez (-4 "w)*

0

wWhere X (4,4)

- 25\9)

Y= L Ww”
nGZ (’_%ﬂu)‘

+ 25,19)

Theorem ( Tate's uniformizatoon  of elliptic curves)
Let E be an eliptic cwve over a non-archimedean freld k.
Aftr a switable J‘initz sepavable extension of k., then

an
0] -'f |é(|‘.)|>1., then E 2, Gm /%& for a unique Q,ekx’ o<lglct

- s (Ltapagan)® N
[he function ) = A - for discrimnant, Awq) = 4 7] a-qnyt

nzi
defines a bihelumorphic  map :

J" {‘l,fk"'- o<m|<1] = {‘,'ek“z |,’|;1}

©) if [4CE)|s1, then E has goool reduction | i.t. reduce to on elliptic
Curve ovor she tesidue field and no unifirmizaton at all

[ cf. Litkebohmert, rigid geometry of curves and thur Jacwbrans ]
SGR, Chaptor ]



Tate's ngfot anah}tro spaces have the some pointy as /z", but
changes the topslogy o have o sheaf theory. Dut by carefully,
Studying.  the foUowm? example , we'll construct & sheaf F 40 but
its stalks are all zero, which .su}?csts that we oare mi s3in9 points
in $p(RT>) 9 Berkovich spaces.

Example 1: (affinoid subdomam in & closed wunit disk)

Consider the closed wnmt disk B'= S (heTs) , k = k.

We will construct a sheaf F+o0 such that it

stolRs are zero.
First , let's understond 40 open sets better.

Def: o cubset X in B is callesd stondomt if 1¥'s of the form
A= {xe BY: |x-a,| sr, [x-@a]2rs, s \x—anlafn}

for swme &i ek , 1 € [kl , vgriga

Lemma: A"‘? standord  subset is en affmoidl  Subsomein of B*

]_:{— A,Y are Stonolord subcets st. XNY #5, then XvuY and X nY are
standard cubsets ff R



T heorem - ( Yopology aj a disk B?)

D A subset X = B js sctandard iff X is connected affincid swbolomein
® X is an afinid subdomoin of B' iff X is a fmite disjomt union of
oj standord sets in B*

PV°°]£’ we chow that if X is an affinid subdomein, then X is a fmite
disjomt,  union °]c stondordl sets in B':

0] 6'3 the C:rcvv-'tzm’ Grauert Theorun, any ﬂﬁmo»‘d subdomain is a fm-'fz.

Wnion O:f ratidnal subdomains. J{ wﬁrces o chww ‘fbf
X = {xe B 1l £1§eu], -, [ fi00] € 9 ex1| }

® B? the previous lemma, it suffices to consider the case 1=1, Hml slju;|

® Reduce to f,? Fol«\anomml:
53 Weiorsvrass pregovotoon vheoem: 31 unit €eTy we k] sb f = e.w, Some fir §
Write ¢ = ¢ Ci+s) where < ek oand s € T’) $c0) =0 , and [s|<1  Then
Vxe BL |etx)) =lc||14sm] = le|, which is a constont
So it suffices to consder X = {x e B? ;|ftx)|£l?fx)|} where

!_],_ m
f () = .||‘ l%—“:} , ?tx) = mec (4 ’p)’)
i= j..—..]

‘f"" O fj , and f 9 yolvgnommls
@ Consider @ circle of vadius r:
Tr= {xeBt: |n1=7]

Denste b? -1, the supremum norm of the functon on [

n
Then Ufll, = T % -oill, = T max (7, [=])

i=| 1=\



So Loa Nflly is o piecewist dneaw faneton and convex in g v, and
= lvrelll . o<rel and UfU, s “9'\1)
15 o fwite unon of glosed intervals of form {reliel wvivars),

So the set g . (xeﬁi . Nl S l\g“m] is o finite unron
of closed  dish. ead clesed onmul:, thus Standovol apen,

x i r=aa e A={ I o el g o 1Bml] = o
Hclx)‘ = Tl' \X—\X:\ = I—ll- max ( Ix(, lx:}) = "f”',
Similarly, | ol = 191,

So for thest &, |fwlsl9| iff NFU,sNGlr, 50 x €3,

Let S = {zoﬁl . [;(x;\ ="?"h\l) which i3 @ Stondorol 2pen,

Furthw, f-F xX€ §ns’ then H(x)\ $||][||M<_Il§|ln‘= (7(;(;] so Sns‘cXx
We hove o cover oj— X _-_-_(u Xniv) n(xLG)Aan,)

xX4a

=0 (SN nTy) n(U Xniv)
X¢A

= (sn¢¥) N (J;',,X”'f’
comgute that  cach XNT, fr réd is covered by disjent  stonderd opent 73

Define o sheaf on RCT>, si. ¥ any affmeid swbdomen Y =X, and o
cover Y= U Ui’ where Ui is a Standard set . Set al(Y):=mI9xd(U,-)_
V standard open set U & X, F(u) ._._{ /A -3" ) =
0 ifdict
= ?F(Ui)
WA this i« sheoj gnee  V Gffinvid  Subdemain \{ € X, ond finite cver
Y= d0Y) = mox 1Y) |

Yv
But  F hes zero stalks .

ond an affiroid subdomain Y= ||U;, Fry)

s



Bvkovich wunit disk.

Theorem Gtc.lfand - Mazwr )

E“'”o‘ multipli cobNe  seminorm on Cr7] extmdn? usuol absolute volue /¢
is of the form { — [f@| for some ze ¢

Asswnb k: complete , Aljebm:colh} ctosed , non-crchimedlean valmeton v.
A=keri={ ZaT st bm ol = 0)

izo i-d00

@ O multrplicotive semi-norm on A

|\x :A —-’qu. 3.{'.

lole =0, 1tla=90 (£31x=1H 180 . [F+91.5 1fl 1|9, VF9eA

S o fwn ctron

norm if [fl =0 f =0

[Lfu i3 Craucs nerm

@ |-1x 5 colled bounded if 3 o constent Ce st. VA ISl <Gouf,

Lemma: Let (lx be o bounded multiplicotive seminem on A Then V £.93€A,
() H\,‘ < \fll for all fe A
@) tcly= (el

 UFe9lx € max (L1, 190,) and  [fral, = max(|f],.[5l) i 4], #[5]y

Pf 0 By bowndedness, (£10 = 1", € GE™ = Canfoa®, so ($] < c7up
Take n»w, |flx <l

(2) if c=0, true.

if exo, [cIg ¢ el =1c) , ['], e le™) buklel|c"1=1, 2 el =]c] .

) (F-51% = [ cfegn®)y € max [ (R)] L[5 1915 < max 151519177
<(mex 11, , 151%)"

So | £-9|. < mox({f] x. 15]%)
% @ bounded multiplicotive seminerm [], on A

1S (ke a nenoarchimedeon
abs  volue on k-



Uef: the Berkovich wnit disk. D(0.4) is the functrnal onalytic

spmam  of /k = R, i-¢. the set of oll boundeol multiplicotve
semi-nooms  on. R<T>

It's equipped with Berkovich topolegy. the weckest topology st.
VieA ond oLelR , the sets

Ucfx) = {xevto.i;-. [$lx <o)
Ve o= x 60004 [§]y 50
are open.

%V clement feA defmes o convinwows funcuon : f. D(o1) —s R

X — Iflx
Exomple of points on Do)

® Vae D(o1) ={ xek: [x)| s\} , it defmes the  valwation norm,
re. v )CC'A ) l‘“a = Hw)l

@D V\ closed disk Do) T Drogy in k, wWe hove the supremum norm.

1] peary= s 1m0l

zeDlay)

I¥s not direct that |fl beory 'S multiplitotve yuhich actualb} Frblows
fyom the maximal mooulus princple , i-e. ;f 2 a,(T_o)' satis fres
bm |alri=o +the lf[ Deery = sup | oif r

@ For any deoreasing  Seguonce of discs | Dco.-,r.-l}l it olefines
the Umit seminem

‘]c]x = j&'V\ |1

(e Dtan)



Theorem : (Berkovich classificoton fov  Deo.1))
Evov-a gont X € Dio.L) con be vealized as
1flx = &m 11

for some nested discs Dea,r) 2 Otasrey= -

D(o;.r;)

1f bhis sequence hos 6 non-empby ntersackon, then erther
O the intersaction is & point,  then lflx = lfml , or
® O Dtay,vi) = Diar) , then ||, =|flp(a,,).

F* thue are examples 4. the seqnence hos empty intomsaction, (&9 Cp)
1j- ALl nestedl sequence of closed umt disk has non-emptvy, intersactron,

we  ses ks sphericolly  complete. (e4. 6y, Ruwy)

b3

For Archimedean field , .s'phurcally, Complete & complete For non- Avchimedean
fid.d, Sphquy complete =D complete . An\r R con be embg.(dmi into o
sphericotwy. complete  field Via " Hahp  series

So D(o.L) has fowr types of points :

Tan 1 |'\m corrzspondma to o point '¥1°8

(One can shww that if {Dtagro] satisfes &m ri=o, the
the completness of k- imples N Drairiy= {a} )

Tyee L. Rar = S nom  on Deary = NOayr),
wWith v 2o beum?m?, to the volue growp | K|
T‘ﬁP" T %a.r = 5w nom  on D(a,r) = N Oa,r),

With r 2o doesn't bcl.m?. to the volue growp

T‘?PL 1v: l}‘x = ‘&Imlﬂ Dea:ri) With N Dtairi) =0



Lemma: each x € Diat) s determined by s value on the linesr
polynomials .

For 0.6 Dyck, ro0, define ohe open and closed Borbweh dises:

Dy~ = f x €D, : IT~0|x<Y}
D (a,v) = ‘ A €Dro,1) - lT—alx Ef}
P"P" A basis of bpen sets ‘,JC De.1) is given b? the sets
- - N N
Dav) , Deay” \ U Dlari) D(e.2) \ L DCai,r;)
iz ’ i= '
for @,a; eprot), and v, r;oc | K*1,

Corol.lﬁ"a’: type 1 points Divty Sk are dense in Borkovich unit disc.

Thetrem - Dlo.1) is compact, Hausdorff, path - connected .



Tree structure on D(0,),

define o porkinl order on  Diog) st V %y € Do),
X2y off ¥ Feketr, U, <1fly

Recall thet the Gauss nwm Zos ( ZasT) = max lail sptisfies
¥ xeDios)  (flx <N

W Growss norm

Se ‘go.j_ is the unifjue maxmal point with respeet to this order

I_Cmma \

@ for type L L points, Lo, < o0\ "ff Dtan £ Do),
@ More 9'/”“"”3’, for each x.v e Dio.)\ 4, ,, represont them as

sty deoreasing dics | Diarr)) | Dlar)) . Then x ¢y iff
¥ kzo, 3 m,nzk st. Dilam,"m) = Dwd,v)

CDVoLlar}/ Type L ond type IV points are mnimol under this portiol ovter

Pf- uf % is tYpel and 3 { Daa: r)}‘X then 3k, s4. Vm7k
Diomym) & L %}, s0 Y = %

if & IS type IV, x = ADlairy), lg:’lDla;',r.") ond Y sx,
then N Dla,ri) =0 fw A, implies thot, NO(@LrS) E Dia:,r)=g
Sb Y is als9 tyre IV.

Lemma: let & be o type T, L ov W point, represented by Dia,r) . Then

the map [ri1]l] — Dio,1) sending t to fq,t € D(°.0 iS a continwoug
&mbwlolm?r.

.Sl'ml.ﬁ'll'a J’!f ype v pou‘n‘bs X = {. D(G;,V;)} with ‘(AM r:sr,we have an Cmba“inaz
[r.1] 2 [%.%e]: ={all 40 EDw.1) s.t. Dty EDlan) for some %}



Th@OY@M: 0(9,1) id 'AV‘\"]‘M% pa-bh—(/vnnccud, Holuso(ovﬂ' onol Lomync‘t.
It has a cunbbasis 3:vem bg connected comppnents o]"- D(o,1)\h}'f,f X €Dfe.1)

o

Type I and |
IV points

G0 Ca,0

Afine fine /A"

Kk

Consider R<RTo = f:;on T® ¢ pETD : dm RE) Chl =v) formsl power series

havmz, vadiug of oomlwaanw ZR .

szmc Berkovich disk Of rodius R :

D(or):= M Lk¢RIT>)

lf 0<r<r, we heove a natwal map T: RCRIT) — k<ri7> , whichs

sends o semnem X & Dioy) , to  the seminoms(f — [wehl, ) €0(or)
This map 55 contanuous ond injective . We defing /A’;f" ;= U Dio.r)
R>o

Prop - /Al":"“ 1S homeomorphic o all multiglicatve Seminorms on RLT),

with the weokest  fopologw sit. [A*®"— R4+ s ocontinueus V feRL7)
X — \]clx



Thm : (Berkovich’s  classificaton. for 1AL )
Evevg &€ Mg con be resliged Ifly = w Hlpamy

for some pested disks m KK Dia,n) 2 Dlazﬂ) a2 ...
14 the ntersaction s non-€mpiy  then either

0) n Duag,ri) —{a} for stme a ¢R, and |f|, | ] or

© r_) Dla,ri) = Dtaw) for r>0, and f1x = g,

V % € /Ai,,'_w, defme the Llocal ring Rx of x in RCT) blg,
Ry = { _E,elu-r); gthH«T], “\lx¢°}

we can extend | [x o a multipicstve Seminorm on Ry by,

lz’,x _ 150

’_l—- .
Domte by \R: lx the velue group of I-ly | and write

R = JfeRailflst]

the vesidue field ot x
‘ JCGRX'- l.Hx < 1} f

Propositon - (intrinsic classificaton of pomts)

awen x ¢ A% then « is
mpe T iff RagheT), IR =1ICL k, =k

t\’pc T nﬂ' Ry = k(T) I} |R* “'\Kx\ / E
te L0 Ry chuny, |REL 2, T =
t\apg 194 l\ﬁ RX = h(T) I R* lk*\ / E 1



