
Tate uniformization theorem :

Def : Let Y be a rigid analytic R-space ,
and let ↑ be a

group of automorphism of Y
.

We say that it acts discontinuously
if there exists an admissible covering (Yiliet of Y such that

& ve/UYin Y:++) is finite VieI.

Given Y and ↑ above
,

we can define a rigid analytic k-space denoted

by Y/4 and a map p : Y- > Y/↑ as follows :

① set : YIT is the set-theoretic quotient
② G-topology : U EY/P admissible if P + JU) is admissible open in %.

1 Vi -> Ubiez admissible if (ps:+ PYsu] is so
.

iG]

③ Structure sheaf : - admissible openU Y/4
, &y p(U) = Oy Spri !

Example : for Gm = Spec(RITF1) and GGER s . t . O < 1911
,

then

With the admissible cover Yn = (X G : 191* /X1 < 1914)
,

we see

an

that the action &A Gm is discontinuous
↑

One can show that Ea= GM/gz is a connected
,

smooth
, proper rigid

analytic R-space of dim
1.



Theorem : (Weierstrass' form (
nR . qm

Let SR(q) = 1 - qn which converges for 19131
.

Define 94(9) = -S3(9)
,

96(9) =_
59319) + 19559)

and
12 /

Ea by y + xy
= x3 + 94(9)x + 96(a) in 1P

S

Then we have Eq := GmJqz = Equ

U 1-2 &
( (9

. 41, YS9.1) if Ug
0 point at i if UGqE

where X39. 4) =Iae+ - 251 19

Y 19
, u) =[<qu So

Theorem (Tate's uniformization of elliptic curves)

Let E be an elliptic curve over a non-archimedean field k.

After a suitable finite separable extension of R
,

then
an

&If I JElk 1
,

then E =, Gim/gz for a unique geR ,
01K1.

The function j(q) =
(1 + 489459)(3

for discriminant(19) = 9T S1-qn ,
24

D (9)
R31

defines a biholomorphic map :

j : (qk : os1aK1) = Sjeh : 18k 1)

② if 18E1/11
,

then E has good reduction
,

i.e . reduce to an elliptic

curve over the residue field and no uniformization at all

[ s . f
.

Lutkebohmert
, rigid geometry of curves and their Jacobians]

BGR
, Chapter 9



Tate's rigid analytic spaces have the same points as R*, but

changes the topology to have a sheaf theory. But by carefully
studying we'll construct a sheaf FO butthe following example,
its stabks are all zero

,
which suggests that we are missing points

in SpJRSTs) un Berkovich spaces.

Example 1 : laffinoid subdomain in a closed unit disk)

Consider the closed unit disk B = Sp1RCT) ,
k =

E

.

We will construct a sheaf Fo such that its stalks are zero.
First

,
let's understand to open sets better

.

Def : a subset X in Bt is called standard if it's of the form

X = (x + B== (x-ailzu
,
(x- a2kvz...., (x -ank, un]

for some aick
,

Vi elR)
,

O SViS1
.

Lemma : Any standard subset is an affinoid subdomain of BF.

If X
, Y are standard subsets St

.
XMY #*, then XuY and X nY are

standard subsets of BF.



Theorem : Stopology of a disk BF (

& A subset XEBF is standard iff X is connected affinoid subdomain

& X is an affinoid subdomain of B'iff X is a finite disjoint union of
of standard sets in B

proof: we show that if X is an affinoid subdomain
,

then X is a finite
fdisjoint union o standard sets in B :

① By the Gerritzen-Gravert Theorem
, any affinoid subdomain is a finite

union of rational subdomains. It suffices to show for

X = (x + 17 : /fi(x)) = (gix11, ..., /fix11 < 19*11)

② By the previous lemma
,

it suffices to consider the case i = =
, Ifix/gix)

③ Reduce to f
, & polynomial :

By Weierstrass preparation theorem :! unit &ETI
,

WEREX1 S .
t

. F = e . w
.

Same for g

Write e = c . (1 + 1) where < ER and SET1
,

Sol = 0
,

and IsK1. Then

* x BE (esx)) = (c)/1 + S(x)) = 19)
,

which is a constant
.

So it suffices to consider X = (x + B : /fsx)(119(1)] Where

N

f(x)= 3 - (i)
, g(x)= 3 - By

for si + 3)
,

and f, g polynomials

& Consider acircle of radius r :

Tr = (x + B=: (x) = 0)

Denote by 11 . 11 -
the supremum norm of the function on Mr.

Then 11f/lv= 115-vill = i max Jr
, Kill

i = 1



So logflo
is a piecewise linear function and convex in logy, and

R : = (veIR) : 0[re1 and 11fIv = 1191v]

is a finite union of closed intervals of form (UIR) : verEva).

So the set S. = (xtBF : /fix = 11911 ,x] is a finite union

of closed disk and closed annuli
,

thus standard open.

* ifv = (x)= (kil
,

. . ., (n)
, /Bil . ... 1Pml) - 103

,

If(x)) = T (x - xi) = Tmax)(x)
,

1x: 1) = If
-

I

Similarly , 19(x)) = 11811 ,

So for these X , If(x11-19x1) iff Il fll01/g/lv ,
so x S

.

which is a standard open.Let 3 = (x0B += (f(x)) = 1g() ,x]
Further

, if XESUS' then If(x) =11 f11
,

= 191ix1 = (g(x)) so SDS'EX

We have a cover of X = /(1 XMPrl MI
,UXNTV

X-

= v(SnS nYr) M(4 Xni)
X X5X

= (SMS) MIWXMP

compute that each X1To for UeX is covered by disjoint standard opens I

Define a sheaf on RCT)
,

s .

t. F any affinoid subdomain YEX
,

and a

cover Y = /Wi where Ui is a standard set
.

Set &/Y1 : = maxd(Vi.I

F standard open set UEX
,
E(U) = ) Z ifdid

and an affinoid subdomain Y = /Wi
, E(Y) =FIUi

my this is a sheaf since I affinoid subdomain YEX ,
and finite cover

Y= Yi
,
&SY = maxlY

But F has cero stables
·



Berkovich unit disk.

Theorem /Gelfand-Mazur(

Every multiplicative seminorm on[T] extending usual absolute value/I

is of the form - > Ifszl for some z@D.

Assume R : complete , algebraically closed
, non-archimedean valuation v.

A = k(T) : = CaiT" st . Lim lail=
i => A

① a multiplicative semi-norm on A is a function
1(x : A -> 1R+ s . t .

10(x = 0
,

11 (x = 1
,
(f.g(x = (f) (g(x , (f+g(x = (f(x + 19(xff.geA

norm if (f) = 0 => + = 0 IlfII is Gauss room

de

& 1 I x is called bounded if I a constant [xs.t . VfeA, If)x=C 11 f11
.

Lemma : Let 1 . Ix be a bounded multiplicative seminorm on A
.
Then Ff.geA,

(1) !f x
= 11 fl) for all feA

(2)((x =19)

(3) (f + g(x[max(1flx
,
19(x) and If +g(x = max((f)x . 18(x) if It + 18

Pf (1) By boundedness
,
If = If"x = ClIf"llx = Ex1IfxII"

,
so (fix

Take n - 0
,

If x = IlfII.

(2)If c = 0
,

true·

if < to , [cIx = /I cl = (c) ,
[c Ix = (c"1

,
but (c · / "1 = 1

,
=> 12(x = 1%.

n-R

(3)(f +g( = [(f + g)"]x = max((m)) · If 191= max If1 181
<(max(f(x ,

(g(x)"
So (f + g) x

= max ((f)x - 18(x)

* a bounded multiplicative saminorm [Ix on A is like a nonarchimedean

abs value on R
.



Def : the Berkovich unit disk DCO. 1) is the functional analytic
Spectrum of A = EST),

,
i. e. the set of all bounded multiplicative

semi-norms on RCT).

Its equippedWith Berkovish topology : the weakest topology s . t .

VfeA and XEIR
,

the sets

"UX
are open.

*& element feA defines a continuous function : f:(0. 1) > IR

X 1 : If /x
Example of points on D10,1)

& Vac D10 . 1) = (XER : (x141] ,
it defines the valuation norm

,

i. e. X feA , Ifla = If (a)

&E closed disk Dla. v) ED10. 1) in R
,

we have the supremum norm :

If/pcare = sup 1 f(z)
z EDjar)

It's not direct that If/psar , is multiplicative
,

which actually follows

from the maximal modulus principle ,
i .e. if [aiST-a)" satisfies

lim lailvi = o the If/pcars = suplailvi

③ For any decreasing sequence of discs (Dsai, ril]
,

it defines

the limit seminom

If /x = him If I pairs



Theorem : (Berkovich classification for D10
. 11)

Every point X & D10 .1) can be realized as

If |
x

= him Ifsai

for some nested discs D191 ,
V. ) = Daz

, 02) = ...

If this sequence has a non-empty intersection
,

then either

① the intersection is a point
,

then If/x = Ifsail
,

or

& MDsai, ri) = Da. U)
,

then Ifx = If/psaiy ·

i

* there are examples S .t. the sequence has empty intersection
, Jeg . Cp !

If all nested sequence of closed unit disk has non-empty intersection,

we say R is spherically complete .
Je. g . Ep, RIt)

* For Archimedean field
, spherically complete E complete. For non-Archimedean

field, spherically complete => complete. Any R can be embedding into a

spherically complete field via "Hahn series
.

"

So DC0 . 1) has four types of points :

Type 1 : 1. /a corresponding to a point acR
.

(One can show that if (DSai, ris] satisfies tim P = 0
,

the

the completness of h implies MDCairic = (a) (

Type I : Jar = sup room on Dar = MDsai/i) ,

With U30 belonging to the value group 1K1

Type III : Jar = sup room on Dar = MDsai/i) ,

with Us0 doesn't belong to the value group

Type IV : If(x = hmIf) plairis
With MDJaiNi) = 0



Lemma : each xso. 1) is determined by its value on the linear

polynomials.

For a D10
. 1 ER

,
no

, define the open and closed Berkovich discs :

D(avi = (x + D(0
. 1) : (T- a(x()

D(a, = (x =D10
, 4) : (T - alx =]

Prop : A basis of open sets of DCo. 1) is given by the sets

N N
D)Javi

, Da
,
05 (WDSaii)

,
D30. 1) 1 W D(ai

, Vil
.

i = 1 i= 1

for ,
G: Do. 1),

and r
, : /K* 1

.

Corollary : type I points D10
.LER are dense in Berkovich unit disc.

Theorem .110 . 1) is compact , Hausdorff , path-connected.



Tree structure on10 . 2)
.

define a partial order on 110. 1) S .t. XX, y + D10. 1)
,

X if Ff + R(T)
, Ifx <Ifly

·

Recabb that the Gauss norm 50.1)[a : Ti) = maxlail satisfies

Vx + D10 .H
,
IfIx [llf1 Gauss room

so 30
. 2 is the unique maximal point with respect to this order

Lemma :

① for type I,I points, Sar = Saldriff D1a. 1) = DJato')
.

&More generally , for each X , y <D10 . 1) /90
, 1 / represent them as

strictly decreasing dics (DSai, ri)]
,
[DSa: Vi)) .

Then X <y if
- Ro

,
1 m

.
>R S

.
t

. Dlam,m) EDJAniVi
.

Corollary : type I and type IV points are minimal under this partial order.

Pf: if x is type I and y = [D(aiv : 1] EX
,

then Ek
,

s
.t . Em>R,

Dlam, (m) = (x) ,
so
y

= X
.

if x is type It
,

v = <Daii)]
, y=Daril] and y & X

,

then MDSai
,ri) = 0 for X

, implies that MD(ai vil EDIGi , V:)=0

so y is also type It.

Lemma : Let X be a type I
,
I Or I point, represented by Dar. Then

the map [0, 21 -> DS0. 1) sending t to Sa.t ED60 ·1) is a continuous

embedding.

Similarly for type It points x = <Dlaii)) with timv: =r
,

we have an embedding :

[0 .11 [X . 30.
1] : = (abL Sar

,
v'ED10 . 1) S .t . Dai . Vi) EDla

. 1) for some it



Theorem : 110 ,1) is uniquely path-connected, Hausdorf and compost.

It has a subbasis given by connected components of D10 . 2) /(x) for XED10.)

↑ fine line
an

Consider RCRTT : = (CRTRERIT1 : Em RP/CR1 = 0] formal power series

having radius of convergenceR.

Define Barkovich disk of radius R :

D (0. R) : = M(R(R+
TS)

If OCUR
,

we have a natural map it : RIRTT) -> Ear+
T) ,

which

sends a seminorm Xt Dlo, v) , to the Seminom : (f-ltsfily) EDSO.R)

This map is continuous and injective .

We define /At = 4 DIO
. R

R>0

Prop : /Atan is homeomorphic to all multiplicative Seminorms on RITS,

With the weakest topology s .t . /At-IR+ is continuous 8fCRITI
.

* -If(x



Thm : (Berkovich's classification forI

Every xtlAeon can be realized IfIx = tim Iflysaii)
i=

for some nested disks in K : D(air) E D1az
.Uz) = --

If the intersection is non-empty ,
then either

& M Dai, ri) = (a)
,
for some a ER

,
and IfIx = I fall or

i

& MD(ai, vil = DJai) for 120
,

and If = fair.

FX /Fan define the Local
ring Rx of x in RST) by

Rx = (GRST) : g ,

ht k[T]
,
(h(x +0)

we can extend 111 to a multiplicative seminorm on Rx by

=
Denote by IRI the value group of 1 . 1x

,
and write

Ex = (((rx : (f(x = +)
the residue field at X

( ftRx : (f(x + + )

Proposition :(intrinsic classification of points)

given x/Afa
thena is

J

type I if Rx = RST)
,

IR* Ix = 1k
Y )

,
Ex = Y

type I if Rx = EST)
, IR* 1x = /K* / , Ex = Elt)

tyPC I if Rx = R(T)
,

IR* IxEIK-Ex = E
- -

type It if Rx = R(i)
,

IR* (x = (k*) /xkx = R


