g aﬁimid functsons..

Now we define a (pre)- sheaf of off inoid functions on offinoicd Space  SpCA),

Dc](: A (weok) Orroshendiede ‘bopobo';? j (or o wesk Gr—toyolum)

consists of o category Cot T, and & set Cov] of families of
morphisms (UI-_.U)'.(_]_ in Cat J'/

Objests in CatT are colled in X, families m
CovC]) oare called
such thet

@ if U =V ison isomophism in CatT, then (U-v) € Cw]
® if Ui = Ul €Cv] and for each i€l (Viy -vU.-)jeU“LeCov)',

then (V.-,-? —U)e, € Cowv ]
d¢€1;

@ if (U; =U)er6 Cov] and Vo U is o muwphism in Cat T then
f€T /
Usa\/ exists for all 1€l and (UixV=2v),, e Cv]

Example: for X o topologscal space, it has & Gr-topology by

Cat]: = Open 1X) ., Cv(]) : = {amslms of open wwxmas of open swbsets



Example - for X = SpCA) an offineid space, it has & G- topology by

Cat T:= offineid subdomons ond inclesions

Cov T:= fmite fombies {0; =UY;¢; of indusions of affneid subdomains
in X swch that U = .[;Jl U;

'Nz,'ve, shown admissible open are actualla, open in cononical t°P°‘°?9-

Fuvfhu, ((: Z2—X aﬁmw‘d . ({’" takes odmissible open and covwng {$0 admissible.

Dc‘f'- Given o Gr—topol,og‘a J on some spate , a i3 a fqmtw-
(Cot) — Set
A p(eshwj iS o i} for every owwnz (U;-—vu)ifl we have

Flu) £ Kerl jzl Fwi) — T FlUixUp)
el Y
Exavnfle,z For X = Sp(AY an offineid k-space, define o presheaf Ox by,
CA‘L J — Set

affmoral subdomain U — (). (v) the assocated o-H.'nofd a(;zbm
Def . for ony x€ X, the of Ox ot « is

Ox .= wlim (v
K xel & X
¢ffinoid subdomein

Proros:'bmn-.
® O)g‘, is a (ocal riméy Jith the maximel ideal M, OX'K
® The conenical mop  Apm  — Ox.a iS injective , and /A:-.A\m::, 6)(

® Vel .then f=0 iff xev [f1=0in Ok,
@ Ox.x is notherian,

'® -



Theorem ¢ Tote ac\dct:c theorems )

Let K be @n aﬁmofd h—space, and UL o f,‘m‘t& oo»/wn? of X by
offinoid  supolomains . Then W i3 acyclic with respeds to the
presheaf (), o]( offmoid  functrons on X, e the foll»wm? Sequence iS exact

i i<}

In particuler, Ox s a sheaf for the weok Gr- topalogy).



§ G{abab r;g:ol analytio space .

Def: Let A be an offmoid h-space. The Strong Crrothondeeck. Topology onX
t5 gwen as folbows:

) An subset U EX iS N admissble open if thee iS5 @ Covermey
U= :l;ll U; by (maybe infmite) aﬂmo-’d Subdwmains U: £ X satisfymg =
for all morphisms  of offneid  R-spaces @ Z—X with P2 z U

the cav ering (CP"(Ui)ZEI of Z admits & refinement by fm:fcb; many
aﬂ:im:d domainy .

& A CWU""? V= |;:JJ V'a of some oadmissbie open V c X b? admiss:ble
)

opLn  cwpsets V.} is admissihe "J("

Y morphism ¢ . 2 —x of k-offinoid spaces with @(212 U, the
Covering (q"(ij;ij of Z admits & refement that iS a finite
covering, of Z by affinoid subdomoms.

Exomple. ( stren Gr_toyolo«m)

X=SpchAy, feA, st U= { xeX| |f‘”|<15 .
u'= {;xex\ lf(X)\>i}
u*- {xex| |l >0

Then ony finte union of sets of thic type is admissivle
any fmite covering by finite unions of these seds is admissible ,

Exomple: ( less coveving, than canwnicol topology)

—_ A [o)
D = Spck¢id) closed unit disk, with k = R, and resiolwle field k:= /ﬂ\x infinite
Dz={xek: [x]s1] has a cover b? admssible 0p8n L D (a,1) that deesnt

ek
have o j'.mte Supcover, thus not wdwissivle, Lo e



Progosition Any sheaf on X with respest to the weak G- topology
adlmits a wngue extonsion With vespect to the .strona, G- t0po Log

PNY C completeness) Yhe 5’"""9 Gr- tapology on o k- affnoicl  space X ver:fies -
(GD) g, X are odmiss:bie open

(G1) lt U € X be an odmissible open , (Ui),e, 0n admisscble coverm

of U. let V 2 U be a subset such vhat VN Ui 1S admissible
vhen V. js odmissible open  in X !

(G2) let (Ui),¢; be a Cvering of an oomssible open U & X, by
odmissivle open Ui € X such thet it admits an admissivle
covermg. os a refinement . Then (Ui)ier iS an admissible oovern

These completness properties are  the reason why we consider  the sbrong,

G - topology. They allow us to odefine a G -ioplogy from Local pieces
as the follewing  propestion  shows.

Prop (Grlumc, of complete G- topsleyy )

Let X be o set and (XRi),,, be a cwermd of X. Let T: be a

Cr- topology on Xi for ey el suth vhat the completeness i3 sutisfred
Assume Y 1,3 el XN X:, g X; is J; -open, and J; |xmx-, = Tﬂlx
thon there i> o unmgque G -topoogy T on X such that:

@ Viel, ki€ X is T -open and Tlx.-=j-"

@ T satisfies the completness conditions (Go) (G1) ond (G2)
® (X:)jep 75 & T—(,Wurn7 of X.

mx-r

Y in partsonlar, U 2 X is admissible :ﬂ- Vi, UNXi i5> admissible.

J\UJ} of U i3 admssibe  iff \/.'/ {U‘-n,(;k i adymissible



Def: = (,ocatl»? G-ringed k-space is & poir (X.0x) where X is &
G - topolegicod space | Ox 1> & Sheaf of h-alsebras on X with all the
stalks 0, . bom? Leal rings.

F”I"- the functir
{ - offinvid spaces’; — { Locally CT—rm?w{ spaces)
X ( stvon} G- topoLagy. , 0x)
is {uuy foithful

Def : the catejory of rigid analytic k-spaces has-

. objacts: Looc«lby Gr—n'nazcl k-space (X, Ox) sucth that the
the G- topology satisfies  the completnes>  condition,

e Morphism. o morphism of rigiod andytic l-spaces S o merphism

of /‘006“'? ﬁ-rmrd sracc,

Frop . L &lmna aff inorot o~ space)

Given rigid analytic k—spaces (Xi);e1, and odmissible open Xij € X |

‘\;ocjcf)nw With FSOmorphi sm ‘P,'i,: X-;) — x,,-, v Ly €L . Assume

[0} c(ij,°‘f}.' =id M =X, ¢y =ids

[©) CP.7 indwces ('SOMOVP}'HSMS (F;,'?k: X,anxlk—ixr nxa,k s.t.
Piye = Piege 0 ‘(.m;) V ik

Then X; can be ?-lmo& uniquely Ingo & rigek  k-space K, admitos. (X:)

as an aomissible Cavering.



Def: Let (2,0:) be a h-scheme of (ocolly, finite wype. An analytificotion
of (2.02) is a rigid anolytic k-space © (2°", 0%") with & morphiam
of [ocuth} C'r—rm?eol spaces

@.t*): (2™, 0p0) — (Z,04)
Samﬁm? vhe universel property, .
given a n‘?io{ analytic k-space (Y, O¢) and any morphism of locally
G- r.-nzwl space (Y, Oy) — ( &0z), the latler fawovs vhrough

(4, ¢%) via a wunigne morphism of rigid anayic p-spaces (Y,oﬂ_.(z’,",)zh)

(Y, 0y) (2. s

Thearem ([ How 0 construct analytificoton )

By glung  property, it suffices o consider affme fe-scheme of
finite tyee. So we redwee to Spec (k[S1/a) for £ = (4.,--.%n)
onl a c¢ kI[§1 on rdeal.
L"'b Cek a."d lc‘71, Consider +the closed n-odimensional |70|A9-duk
Of rooliws (¢,|'-’ With alae,lﬂfl% of {unc-b-'ons'.

— i)

In = = {Z avﬁ"l Lim a\/'(clw""D}

— V0
lhen we have  inclusions -

T @ T e T kD)
This indwuces , .

Spt Tn Ja) < SptTn /o) < -~
Since the mages of these incusony are affinoid subodlomoins, and Compa:biley,
is olso satisfrd wWe Can 9&46 (Tn‘”);c—l to & Vi?.'d( spact, called

o0 .
.S'pec(.llEﬂ]/a)M = .;l:Jo SF(T:'/M



Covollany . the anolytificaton  map Z"——Z  idenfies the pongs of 2~
0s closed points of Z

Pf: @ for AM" ony pornt Xt o closed boUl of rodlus vy, m, = Rer™T,

it's imege i ¢ time) = Me Nkit) . Then

ko llET]/ —» k7T
(e-l(MX) m

. - ki)
B\} aﬂmoM Nullstelleasatz k<r4|7/mx is f,-nsm oo ¢ hus /‘f"("'x)

is olso o feld, 58 m, is maxmal.
® On “he other hend, ¥ maximsl ideal M £ kCTY, LckCT)/m is o finite [

The norm extends uni1u¢h7 2 L Chose r lw’w than ony of the
horm o} cosrdinate . Then the evalwetion map j—o(to-/s thvour\ k<r? 7>

ki1] — ker'T>
/
eV L L‘,’ e,
PLETJ/m"—' L

Then m,:w,"co) iS maximal and the image oj- My is M.

Example: asswme R is algebraically closed.

@ AMM™ is a umon of nested seguence of clused unit disk , rolentifred
as closed pemnts of JAR = R

0 cA ™) = { ZCciTh € kLT, Tl \Xm lesl V'™ =0 for all r >0)

containing RLT].

Admissible open and- covermsy of A" iff reswicts to cach B s admissible



® (P is cbiained by glwry ) copies of Pe But ony,  poiot xepn
can be e.xyn.sscd M (KXo, %) Sucth thot max [xq) =L  Ghus 7lMc wit balls :

Ltt x°; o, Xn be aﬂ\'noio{ variebies jsomorphic to 6'1) and

o %o
X = SF k<_§_;/ T %?_7

wheve %’; iS & varieble fw =-T-'y, and %=i.

Define affinuid sibodomains and gluing maps :
Xig = K ((%)"') S X;

‘?.--7-. X.‘j — Xji via

k<3e In Kia 3o 5
——‘-/ -o-”.—- , (— 7 — k<——v e w i& ’Y? -
30y ) PR A A
Smd:n? _;Eﬁ - ('?5 - Am
7 3. ) %

® anowie vt A*f@) see  [BGR P3ie]



(ohevent sheaves and GAGA theorem

Let X = SpA be an affinoidd k-space M be an A-module,
Connder the pnshu)c Swdmy affinsid  subdomans U to M%OKIU)

S;m;km} 4o Tote's amclic sheorem for Oy , this preshesf M%O, is
actuslly o sheaf.

Prop:

@ The funcror ?\ O : Mol — Mo»‘ox i fuu‘? forthful
M - M),
® A sequence of A -module 0 —M—M—M'—0 iS exact iff
0 — M®0— M @0y — M®O— 0 S &xact.

Def: Let X be a rigid onalytic h-space, F an Oc- modute,
Q@ F is called of finite type if I an admissible Covoving,
(Xidieg of X ond exact sequences
Si
Ox XE - F|x — 0
for sielV* and every ie].
@ F is colled coherent it i¥'s of finite type and  for any
admissible open U = X , vhe kernel of any mrphism of
the form O:IU — Fly is of finite ype.

Theof@m L Kiehl's theorem)

Let X = Sp A be an offrneid  k-space, F be an Ox- medule.
Then F i5 wherent iff F i3 assocuted €0 a fincte A-mid.



D&f: A morphism between affinnd spaces is a closed (mmersion f the

morghism of offinoidl  alsebra {5 swrjectve. A morphism between
v.'ﬁ:ot analiTic k-spaces is a closed immersion  if there exists an
admissivle affinoid  covermq of he torget , such  that vhe pull backs
are is o olwsed immersion of affined spaces.

Def : A morphism of n‘grot analytic k-spaces  ¢: X =Y s called soporotef
ij the dra}M&L O: X — XxX |95 & closed immertion.

Def- Crelatwve compact) Lot Y be an affinord  k-space, and X rigsok k-spac
with a morphism X — Y Let U = U’ X be offinordl 5 ubsimarns

We say, thet () s relatwdn} compact in U’, densted as U Eru'
if vhere exists €NV Such that there exists a closed immersion
U’ o ID” %ty the closed unit disle. md.,\f,mc) @ monomovrphism

U <UD)" to the open unit disk

Def = Cproper morphism)

A movphism of rigil  onalytiv b-spaces is called proper ,f
wm P separateol

(2)  there exists an odmissible coverrng (Y ;_ s Y and for each

i€l two f\mtc aff noid covmn} C xi ’) “"a o]f- oY)
Swth  that V 13 , we have

XI” -:r x\:a

1§ Y is a point, X is groper means @ X jig seporated ® X admits an
odmissible

covering, that can be refined 0 on odmissible cwe/rm} relatively
compact v the on«amat one.



Lemma: €= X—Y be a morphism of p-scheme of Locelhy finite 1y pe.
Then € s proper if ond only if ¢ X y*™ s proper.

Thcorw\ ( Kied's proper mappn'n3 vheorem )
et A — Y ve proper morphism of r:rot analytic k-space , let f be
o cthorent,  Ox - module. Then V 230, RYY, F i> whevent Ox-med.

Base chongc via. X" — X, we have an analytification functer

(.)“": Mod 0x —— Moo‘o;v\

Theorem ( GA GA 1)
Let f-X—Y be aproper merphism of k-scheme of Locally finite type
For ony cohevent sheaf F on X, the caninical merphiim

RUAF 2 R FT
i3 an issmorphism for all 4,50
Ln portiomlar, for X proper,
H* (x. B == W4 X" £
Theorem (GAGA2)
Let X be o proper k- scheme. The anAbﬂf-'Mt‘Dn functor
on Oy - modules mMduces on gguivalence of categorees:
CohtXx) —  Coh (X™)
In porticulav, ¥ cohevent O,‘o-v\ modwle. F, 31 cohorent OX—m\vd, s-t.)—'-lz):“"_
_ — —an  ~on
¢ cohrent () -module ]:,‘}/ we have Homo (F.9) — H""‘o:.\(}' -9 )

X
Corolhvvr-. X = I, F' = cohoent ideol of 0”,,,,.,\ wd
Closed anabt-‘o subset of P are alaebvoi&



