
S : affinoid functions .

Now we define a sprel-sheaf of affinoid functions on affinoid space SpSA) .

Def : A (weaks Grothendieck topology ; (or a weak G-topology

consists of a category Cat J
,

and a set Cort of families of
morphisms (Ui-Ulie1 in Cat J

/

Objects in Sat] are called admissible open subsets in X
, families in

Cor(j) are called admissible coverings.

such that

& if U - V is an isomorphism in Cat] ,
then (U + VI eCorj

② if (Vi - Ulizz + Cov] and for each it I
, (Vip -ViljeUjez:

-CorJ,

then (Vij- Uliez &Cor]
jt];

② if (Ui - VliezECov] and V-U is a morphism in Cat J
,

then

WixV exists for all it1 and I WiYV- VI+2 CorJ
W

Example : for X a topological space, it has a G-topology by :

Cat]: = Open IX) ,
Cov1T) : = families of open coverings of open subsets



Example : for X = SpCA) an affinoid space,
it has a G-topology by :

Cat] : = affinoid subdomains and inclusions

CovJ : = finite families (Ui + Ubie) of inclusions of affinoid subdomains

in X such that U =Wi

We've shown admissible open are actually open in canonical topology.

Further, 4 : -X affinoid , 4"takes admissible open and covering to admissible.

Def : Given a G-topology J on some space , a preshest is a functor

(at)*-> Set.

A presheaf is a sheaf if for every covering (Ui-U)
, y

we have

F(u) = Kerl IT FIvi) -> IT FIU : xUj)
it] i, j

Example : For X = Sp1A) an affinoid R-space , define a preshest Ox by :

[at] > Set

affinoid subdomain U - Ox(0) the associated affinoid algebra
Def : for any XeX

,
the stack of Ox at x is

0x
.x

: = colim Ox (8)

XEWEX

affinoid subdomain

Proposition :

& Ox
. x is a local ring with the maximal ideal Mx . OX

,
x

② The canonical map Amx-Ox.x is injective ,
and = AmEx

,
x.

③ UfEOxiv) ,
then f = 0 if xw

,

If] = 0 in Ox
. x

# OX
,
x is notherian

.



Theorem (Tate acyclic theorems (

Let 1 be an affinoid R-space , andI a finite covering of X by

affinoid subdomains. Then U is acyclic With respect to the

presheat Ox of affinoid functions on X
,

i. e. the following sequence is exact

0 - 0x,u) - Ox( - ITOxin ...

i <j

In particular ,
Ox is a sheaf for the weak G-topology.



s Global rigid analytic space.

Def : Let X be an affinoid k-space. The strong Grothedieck topology onX

is given as follows :

(1) An subset UEX is an admissible open if there is a covering
U =4 Vi by (maybe infinite) affinoid subdomains U : EX satisfying :

for all morphisms of affinoid K-spaces 9 : EX With GIZEN

the covering (D"(Vi)75] of Z admits a refinement by finitely many
affinoid domains.

(2) A covering V=EyVj of some admissible open VEX by admissible

open subsets Vj is admissible if :

V morphism 4 : E + X of R-affinoid spaces With 4(z) EU
,

the

covering (4Vj)jsy of admits a refinement that is a finite

covering of z by affinoid subdomains.

Example : (strong G-topology (
X = SpcA) ,

feA
,

set U = ( xeX((f12]·
w = (x ex)(f(x)k1]
u" = (x = X)(f(x)) > 0]

Then any finite union of sets of this type is admissible

any finite covering by finite unions of these sets is admissible.

Example : (less covering than canonical topology

D = Sp(RSTs) closed unit disk
,

with m = E,
and residue field E :=

my infinite

D = (xfk : (x)11] has a cover by admissible open Da , 1)
,

that doesntso

have a finite subcover, thus not admissible.



Proposition : Any sheaf on X With respect to the weak G-topology

admits a unique extension with respect to the strong G-topology.

Prop (completeness) the strong G-topology on a R-affinoid space X Verifies :

(GO) 0
,

X are admissible open

(G1) let U EX be an admissible open , (Viliez an admissible covering
of W

.
Let VEU be a subset such that VHWi is admissible,

then V is admissible open in X

(G2) bet (Wilie be a covering of an admissible open UEX
, by

admissible open U : EX such that it admits an admissible

covering as a refinement. Then (Wiley is an admissible covering

These completness properties are the reason why we consider the strong
G- topology. They allow us to define a G-topology from local pieses

as the following proposition shows.

Prop (Gluing of complete G- topology

Let X be a set and (Xilize be a covering of X . Let Ji be a

G-topology on Xi for every itI ,

such that the completeness is satisfied.

Assume V i
, jeI , XinXj EX i

is Ti-open
,

and Jilxinx F Jjxinxy
then there is a unique G-topology J on X such that :

& Vie1
,

XiEX is J- Open and T1 = Ji
Xi

-J satisfies the completness conditions (Gol (G1) and (G2)

② (Xi) ic] is a j-covering of X.

2) in particular , UEX is admissible if Vi, UnXi is admissible.

'Uj] of V is admissible if Vi
, YUjx], is admissible



Def : a Locally G-ringed R-space is a pair (X . Ox) where X is a

G- topological space
,

Ox is a sheaf of R-algebras on X With all the

stacks Ox
. x being local rings.

Prop : the functor

Sh-affinoid spaces) - / Locally G-ringed spaces
X ( strong G-topology ,

0x)

is fully faithful.

Def : the category of rigid analytic k-spaces has :

· objects : Locably G-ringed R-space (X
. Ox) such that the

the G-topology satisfies the completness condition.

·Morphism : a morphism of rigid analytic k-spaces is a morphism

of locally G-ringed space.

Prop : (Gluing affinoid k-space

Given rigid analytic R-spaces (Xi) : 11 ,
and admissible open Xij &Xi,

together with isomorphism Gij : Xij + Xji Vi, je1 ·

Assume

① Gijoji = id
,

Xii = Xi
,
GiiFidx

& Gij induces isomorphisms Gijn : XijMXin'XjinXjm St.

Gijk =rjio Yinj V i
. j . R

Then Xi can be glued uniquely into a rigid R-space X
, admitting (Xi)

as an admissible covering.



Def : Let 17
, 0z) be a R-scheme of locally finite type. An analytification

of 1E
, 0z) is a rigid analytic R-space Izan,

par , with a morphism

of locally G-ringed spaces

(2.
3* ) : (Za Dan) 1 1z

, 0z)

satisfying the universal property :

given a rigid analytic R-space (Y, Oy) and any morphism of locally

G-ringed space (Y
. Oy) -> (E, 0z)

,
the latter factors through

(1 , 2* ) via a unique morphism of rigid analytic R-spaces (Y, 0y) + J Ozan)
1z94

, Ozan)
! -

--
~

(1
,

2*
)

(Y
, Oy) > (z , 0z)

Theorem (How to construct analytification)

By gluing property ,
it suffices to consider affine R-scheme of

finite type .
So we reduce to Spec(kIS]/al for 3 = 19.

,
..., In)

and a Ek19] an ideal .

Let <t R and KK1
.

Consider the closed n-dimensional polydish
of radius ICI"

,
With algebra of functions :

in" = &[an3 tim av . (c""= 0
IV1 - c

Then we have inclusions :

in'" i in" 10 in ... k59]

This induces :

Sp1Thja) - SpiTra -...

Since the images of these inclusions are affinoid subdomains,

and compatibility
is also satisfied

,

we can glue (Th"liez to a rigid space,
called

Spec(kie]/a)a= Spiral



Corollary : the analytification map zan · E identifies the points of
a

as closed points of E.

Pf : D for Anan
, any point x in a closed ball of radius v

, My = ROTT,

it's image is CYMx) = Mynk[T]. Then

kc
RIT)

&
"

(Mx)

>
RCr"T

Mx
-

By affinoid Nulstellensatz, Gr+ T>/my is finite over 1 thus RETetmxs
is also a field ,

so my is maximal .

② On the other hand
,
I maximal ideal MERITT,

L= RET)/m is a finite/

The norm extends uniquely to L
.

Chooser larger than any of the

norm of coordinate. Then the evaluation map factors through par + T

RIT] -> REVIT

er1 en
m[T]/m=

Then my = ev
,

"
201 is maximal and the image of My is m.

Example : assume R is algebraically closed.

& An,
an

is a union of nested sequence of closed unit disk
,
identified

as closed points of /A* = RM

OC/Anan) = G [CIT
= eRIT,...,Tn1 tim/CzIV' = 0 for all ro]

containing RIT].

Admissible open and coveringof if restricts to each Bars is admissible



② , pran is obtained by gluing +S Copies of Im. But any point xtipu

can be expressed in (X0 ,.., Xn] such that max (xi) = 1
,

thus glue unit balls :

Let Xo
,

... Xn be affinoid varieties isomorphic to B
,

and

Xi = Spr...
whereE is a variable for :g, and 1

Define affinoid subdomains and gluing maps :

Xij = Xi ( )EXi
Pij : Xij-Xji via

...sending I 1-

② analytic tori /
*
(19) see [BGR P. 3641



Coherent sheaves and GAGA theorem

Let X = SpA be an affinoid K-space ,
M be an A-module.

Consider the preshest sending affinoid subdomains to M & 010).

Similary to Tate's acyclic theorem for Ox
,

this presheaf M & Ox is

actually a sheaf.

Prop :

& The functor Ox : Moda Modox is fully faithful.
M 1 + M & 0 x

& A sequence of A-module 0 >M , M , M"- 0 is exact if

0 : M& Ox MoUy : Mo Ox 10 is exact

Def : Let X be a rigid analytic R-space, Fan Ox-module.

① F is called of finite type if I an admissible covering
(XilieI of X and exact sequences

Oxi -> F
X

30

for SicIN* and every is
]
.

② F is called coherent if it's of finite type and for any
admissible open WEX ,

the kernel of any morphism of

the form OP - Flu is of finite type.

Theorem (Kiehl's theorem

Let X = SpA be an affinoid k-space,
F be an Ox-module.

Then F is coherent iff F is associated to a finite A-mod.



Def : A morphism between affinoid spaces is a closed immersion if the

morphism of affinoid algebra is surjective. A morphism between

rigid analytic R-spaces is a closed immersion if there exists an

admissible affinoid covering of the target ,
such that the pullbacks

are is a closed immersion of affinoid spaces.

Def : A morphism of rigid analytic R-spaces 9 : X-Y is called separated
if the diagonal D : X-XxX is a closed immersion.

Def :Grelative compact) Let Y be an affinoid R-space,
and X rigid R-space

With a morphism X . Y
.

Let WEW'EX be affinoid subdomains.

We say that W is relatively compact in W
,

denoted as U EU
Y

if there exists rEIN such that there exists a closed immersion

U'4 IDV to the closed unit disk
, inducing a monomorphism

U < (IDOV to the open unit disk.

Def : (proper morphism)

A morphism of rigid analytic R-spaces is called proper if
11) O is separated
(2) there exists an admissible covering (Yi), of Y and for each

it I
,

two finite affinoid covering (Xij) , (Xig of 4"lYi
such that Vi.j ,

we have

Xij E
,

Xij

If Y is a point, X is proper means & X is separated & X admits an

admissible covering that can be refined to an admissiblecovering relatively
compact to the original one .



Lemma : 4 : X-Y be a morphism of R-scheme of locally finite type.

ThenO is proper if and only if yan . xau- you is proper.

Theorem (Kiel's proper mapping theorems

LetC : X -> Y be proper morphism of rigid analytic k-space ,
let F be

a coherent Ox-module. Then 1930 , R&Y* F is coherent Oy-mod.

Base change via X
&
-X

,
we have an analytification functor

1 . gan : Modox : Modpan

Theorem /GAGA1)
Let f : X - Y be a proper morphism of R-scheme ofLocally finite type

For any coherent sheaf F on X
,

the canonical morphism

RafaF Rayan can

is an isomorphism for all 900·

In particular, for X proper,

Ha(X .F) H9/Xr8
,
Frig)

Theorem (GAGA2)

Let X be a proper -scheme. The analytification functor

on Ox-modules induces an equivalence of categories :

Coh(X) 1 Coh(Xan)(

In particular, f Coherent Oxan module F
, A ! coherent Ox-mod,

St . F=Far

& coherent Ox-module F, G ,
we have Hom (F. g) -c Homan<Far gasas

Corollary : X = IPh, F' = coherent ideal of O
, phan

us

closed analytic subset of 1pn ,
an

are algebraic.


