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Classical rigid gesmetry is & theory of omalyyi¢ functions over fields k

that ave complete under non- Archimedean absodnke volue.

¢ wory Couchy sequence  converges /
fnrgz’d,m7 the Avchimedeon property -
VX4 eRe, ANEIN s, g+ tx >y

n
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Y

n-r

lllustration of the Archimedean el
property.

Such fields natwrally appeor in different areas.

E"“"‘?“ of complete non-avchimedeon fields -

@ k= Cuv) Cons::tmg of z C;'l';i with nez ,

IZNn

with absolmte value defmned by | Z ¢4']:= e
izn

( complete )

® @&p conswited by oomplctma @ with p-adic absolute values

o

I"lp olefined as : |P"—"‘-.‘P =p~  for abreZ.

® d:,; b? tak.n? alaebvo.c closure &Pta of & and complete
u? With respect o the unique extension of lp .



20. Why  study ndn-orchimedesn fgeomedry 7

§0.4. (number theory perspective)

thee is n(oco.l. —3lpbaL principle = a theorem holds over & fﬂ'
it hols over R oand &l’ for all prime p”, For example -

Thewem ( Hosse = Minkowsk.i )

Lot Ak, - %) be gquadvotic form with @ -coefficont. For ce @™,
QK -~ = c has o solution in @ iff m IR ond every .

$0.2. (goometric pespective)
It's analogous o o(omﬁ complex Geometry.

C(,ass.'cau.g,, give o (ottice A= ZoZn over € with Imw)>o,
A= d://\ i$ o compat Riemann surface of 9=1, topolo&rcal,l? o torus.

It con be redized as solutions of polynormols as  follaws:

\ ( 1 .
(2):=2 — + 2 - meroms/phic with poles at A
/ I
(2) = -2 L
& AEN (Z-/\}5

Both €1z ond @z ave A—porddic, and descendt to &/p

Consider the map X i) Ee < IF: alaebraic ge,omem?(
2 = (Bw@. &, 1)

where Ee 13 defined by 47 = 4xP g x = Gy, for some g gie €.



A laticc A= Z ®ZW for we € con agproach o0 as [(nw|-w

L 77

Noiw ryplace € 17'/) o non-orchimedeon * freld  R. Sav; k-’-Qf.
But in nen-orchimedean world, [nwl, = infp-Iwlp Wi,

so this additive Pe,vspec{-.we of C ‘fal'(s. . <’_ .

0 nw W

Al‘t&rnnth/d:?, vnsider €/ as twn -step quotient .

¢;//\;‘ la/Z)/(/\/Z,) as additive ?vouf

@ consider multrplicotve structure on € Via exponential map.

exp: (C/ Z, +) i>(<i;*,x)
2 expl 21i-2)

mapling Af; onte ?,z’, for ¢ = explzitiv) |

@ (a/l)/(/\/l) = c* /QZ > k*/Q,Z‘ non-archimedeon

since  Imw)>o, 0<[4)|= [expaniw| <t and asnsw, ¢"50 4% w0,
then 9% is o disorete subgrowp ) pice to oo quotient.

We wik see k* as a rigid onolytic space onol 0% acks on B .



§o.5 M wyvor symmetny, and biratonal inverents

® non-archimedean SY Z  conjecture:

CLMSFCO\(. SYZ oon]utwcs: neov ‘bhe“[avje_ complex strurtrre (,:mn't”/
the Colebi -Yoau mamfeld Xi aolmits a fibration Xt—aB,whosc frbers
are special Luarw?;an tory .

v
The mirny dwol X is5 obtumed b ‘tuk-‘n}; dwal tori in Loch chember of B
ano 2'Ime. charts b\g wol.l.—oro.mn?,.

Kontsevich- Soibelmon propesed o view the fomiby Xe s t20, a8 &
Voriewy over Non-pvchimedtan figld  €(() .

The retvaction from ¥°" 40 45 skaleton is vhe SYZ  fibraton.

Cownt non-ovchimedean oliskRs to obtam mivror.

( See Porta-Yu, 22)



® p-adic Cramma conjecture.

Considor Guantum  connection over p-adic field .

Recent works of [Bm—?omcrlwmo—ScrdeL,LB'] cnjectured an

ovedconvergent Frobenius structuve and desoribes the asympistics

uunj F—ad;c Gamma {umctlon.

©) A - model decemposition and Hodaz. atom

Gramov - Witten potential Converges non-arch.'mz.dwnby_ ) quantum

comecton  con be decomposed  analyrically Using rigio gesmeory
7/
ounol %ives rise to birational invorionts,

[Jeo Hinawd - Yu- Zh'"j' Z 2‘!’/, Katgarkov - [Contsewich - Pavtov - Yu 257]



31. non-oychimedeon field

Let K be o freld A map || -K—>1R,iS called noa-crokmedleon obsolute value
if ¥ o,bek , we have
O el =0 & a=0

@ lablz= lally]

® lo~bl < mox {la|,Ibl} .

w~ |2l=1 and [neN| <1

1t defines an nan-crommedeon volwetson v: K — R U {w}, st.
O viey=0 & a=o

@ Vish =vie) + vib)

® viary 2z min v, vk}

Lemmﬁ-. in SMbl’l Qa fn‘cl,d/ a Serres X GCiid @ Co\vwhy gcqv\wte -'H' Lim |ci| =o0.

P90

Thus i} R is complete, ZCi converges ff Lim |\ =0

i900

Property  of non-srohimedesn  frald:

0 ‘[W any riongle m K, ot least twd sides ore of equal le.n71m
@ eadh point of & disk Con Serve as it center

@ if vwo oisks intersect , then one conteins the ovher



Fyop t the vopolmm, on K b«?, o non-orchimeolean nerm s totally, disconnected.

((any subset of more thon one point is not comnecteo )

proof 1 ¢ xe K, Dexm) = {aek| |x-ol <} 75 open,
Its complement C = {aeK | (- o|7r} is olso open : \/.3,5(;/ |v_a|r
consider the open set Dyy  If zeD(yr) |y-z|er.
| -0 ~Max {1y-21,12-0)
Smce 1Y-olzv, Iy -2 <r, this impues 1z-alzr ond 2 € C.
Soe C 2D kv .

V subset A of K, wntamg ot least two points K #1) with §= _"Z"‘z L

Then A=(AN D"(a&)) U (AN D7x.5°) . thus disconnecred. .

¥ K may not be discrete . Say in &p, [p%ol = p™ so {P] has

the Umit point 0 «w» still possible ts do colowlus !

So  classicol  Loentany Theorem from complex enshsis fails , and we can’t
do analytsL  continuation Iay‘patohmﬁ up" functrons Locolly on k"
Need @ gool novron of “twol"ﬁ‘g” 0 oefine a sheaf.

Method £ change the “topology” ( Tote's vigid onalytic spaces )

Method 2:  add more pomts  to make the topolo gy nice ( Berkovich space )



Thmmv\-.( ideal and 2zed Locus Corruponolance,)

Let A be an offineid k—algebm ond Y SpA o Subset.
@ VILLY) = Y3 the Zovishi voswe of Y

® (Hilbert — Nullstellensate )
l(VW)) = rod a

1.¢. b:)'cct.-on bet ween

{mducw joleals in A} <i>

I

{ Zoriski closed set of S'fﬁ)

So for, we've heen usmy the propenties of Ta, A as a commutetive algevo,

Towlﬂ@? obtemedl on Tn is Similor to classical a(ylmrc, vav.'wg, ,ie.

when k=k. { B" (k) > Schv.) = {mnx(T,,l

closed Sets are f,z..=fa=0 Zoriski topology

for fi=Zcaz®, limic) =0
~~too coorse that {xeé_"(il -. |x|<£) isn't open, want to enlarse 1.

{XEE”IE) '-I][(X)|<5} cB"k) — {xeSPrT,.) [fixo] < 8)

denotes [1] e
wheve fz) denote 11 %n;

ned to odd more open sets o mex (n) s-t. g -boll is opem.



Def: For any offinsiol space Sp A, the canonical +opolvgy is the coarstest
topslogy st. ¥ mop feA , SpcA) — IR is open.
Mx ,ffx)'

Pror « the fOllowmj are open % closed in the canenical topoleg sy
{ x€Sph - lfrn|=£}
{ xesph - | feol €8]

for any feA and £20.

Viud-‘nj, g" (E} 1Y ‘SF(T")/C:WUF/N the t°P°l°9‘} (s ‘toto[l.? disconnerted
So we have oo many open sets . Instead, we defme anslytre fumetsons

on open subsets |, where we con toke (;vmt) i.e.fwm a Banach ol?c»m_

—

For this, we need 1o understend the norms on In.

th‘ On Ta, thee is & norm , called  Crauss norm, defined b?,-.
lZC,(Z“ = m“ox [ Cel.

To;cthu with his norm  (Tn. |-1) is o k- Benach o.\(fwm gaf,f;fvmy .

Q 1fl=0 & f=v

@ |cfl = lelif]

® 144l = 1f11}

@ |f+91<mox {151,131}
® Tn is complete under 1-|.



Theovem € maximal  modulus  princigle )

VieTn, ond x€B"(i), fwl<!fland 3 a xeB"(R) st. |fwl =If].

Gouss norm on  Tn mouces & residue norm on affmid olgebra A
for anﬂ K> |n— A Z'W" b‘a .
lotefrly - = inf | )[_,\ = infimwn of oll f€Tn representmy [f]e T

aekero

Prop -0 (A, Ilk) is o Benach o(?ebm,

@ the quobient Mop &: Tn = Tnfp iS OpON and  continwous.

® V F er 3fF6Tn. st 1], =141

We also have spectral  semi- nwm on A .

|flsp = sur  [fol

Xe Sf(A)

Theovem Cmaximal modulus princigle for A)
For ony ﬁﬁlmm 0(903"0‘ A, and .JCeA/ J xeSphA) st. |:f(x)|=lf|sp.

It!s o norm iﬁL the mtersaction of all maximel ideals in A is (o) Since A
iS Jacobson | this is equivelent 4o A bem? reduced. In this case, (Allsp)

is & Banach oljebm,

Thesrem! equivalent of norms)
Let CAr, 1), CAll) be wo k- affinoidl algebras provided with norms

for which they cre Banoch olgewvas. Let ¢: A—A. be o homomesphism
of k- al9wbrAS. Then W is continusus with respect t0  the given norms.

In particalar, all norms on an affinoid algera A, making, it intd
a Banach h-olgeova are equivalent .



Jo we dont need o keep trodk of norms used for an offineid a[;ebra,
makinﬁ it & Bonach alge,bm. We wont to olefrne - analytic. funehons on
on open subsets , where we con toke Limit, i-e. form @ Banach alyewra
So notwelly, we o5k them to be offinsiol elgebra.

Def- Let X =Sp(A) be an affinud  k-space, and  f;,9; €A . Consider the
foll,owmz open sets U , called special offinoidl  subdomains.

) XUf, = fa) = [ xe GA- L fiw) €] calledl Weierswrass domain

@ X o fegi= 958 ={xe SA. Lfml <1, 1§m]21]
called Lauvent domain

ti

() X ('JT, TR 'i‘:' ) ‘-‘{ xe A : | fitall € 1 fowl } called rotional, domein

‘I’OY j('o, fr hh\h'nz nd common Zeéxos

Theta satisfy the fo(towmﬁ universel  properties :

There exists o morphism of affineid  k-spaces 4:Sp(A)— X st {(Sym)e U
and for any morphism of affinoid R-spaces @, ¥ X st oY) E U,
3 o unique factorizoson V¢ . Y — X

2Ly /4

SptA)

view A as the rmg df functrons on U, even when 4‘(.{?(,4)) £ U. Sueh
U in 30nvml. are colled affinoiol Subdomeing



Now , t» give the special affinviol subolomains  oan affineid space structure,
we olefine the relotve Tate algebva over A by

A<'gll"'/1v’7 = { ZQJ'TJ aJ'E A and aJ—a b}
Jem” i

1t has anorm |2 0y 13| = mex |0y, makin7 it & Banach olgebra,

PYDPOSFJC-'W\" ,JCW these three .Speua(, affmord subdomoins, the maps i:srlﬁ)_,)(
are b,je,ct;\/e, onol i$S ?we/n l,?ﬁ

_ (il,"'lfv> W
SF k A<f 2= W) — Xf) = X Weiersmass domain
-l A<‘;\/"'—'ZV7 [ N -1
SpCACE. 9> = — ,
SRR Y oy s APEDER Lawert donan
-F _ A<€l/”> Av>
§P( A(;—? = 100 ) = X .;%) c X rofional  domoin



PVD[I ¢ Propesties °f Offinoid Swbolomeins)

@ (tronsitivity) for on offinoid space X, if VX and U € V are
affinoid  subdomeins, then U T X is an offinciol subdomarn,

@ (pwltbock) if X’ =X is an cffinoid Subdomain, Y c X a morphim
of offinordl spaces then X 'xY — Y is an offinsid subolomain .
x
® (intursection) if UEX and vEX are offinoid subdomains, then
UnV € X i an offincid  Suodoman.

@ ceach Weierstrass domain iy @ Lowvent domemn , and each Lourent domesn
iy o rateonal olomam.

® Jiven o roational domain UT X, 3 a Lourent domoin U'eX such

thot U z U’ is a Waerstress doman .

® Yronsitvivg  holds for Weierstrass, rotanol domans, not for Lourent domoin



The {oll,ow;n? theorem shows that rotinal subdomoeins ave Like principle
open  Subscheme M al?cwm gesmey

Therem [ Gewiteen - Grouert)

/\ny affinoiol subolomam. {8 O«f.'m“tc unid N of rotinal Subodomains

Cowtious : union of affmeid subdlomans , may not be affinvid . So they don't
'f\)rm o topology . For exomple, toke some C e k 10(‘c\(1_’

In Tz = kex.Y>, consider Uil Uz, where

U= XULy:= | Lylelel}
Uz = x L%‘ :=‘ lx\$|°|}
UinUe = X (2=} I8l <lel. 1g1<la)

B‘g To’te am;o{.-c theovem

O ( Ul U U") = Kerl( O(Ul) @O(UL) -——'O(U,nUz_))
- { Zagxgt: dm (05 ier = b (aylicri=y)

fr'aqoo Mmm-ow
= ( T a:-,x‘gi; Lim ™ :o}
= k<x.Y>

But Ui V2 # BZLE) ,it controdkets .



