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"At a general point in theLocks of Hodge classes
,

the generalized
eigenspaces of Eu* are compatible with Hodge structures

,
i.e. the

generalized eigenspaces decomposes canonically into -Linear representation
/

of Mumford-Tate group Hod of E12 graded polarizable pure Hodge strust.

[ kkPY 25/
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1
. Non-archimedean A-model F-bundles :

Let X be a smooth projective variety over ((k = m = 4)

Fix a field R
, sit .

chark) = 0
,
and fix IR an algebraically closed

non-archimedean field IR =R
,

s.t
. ulp trivial. Say I = Elly@1).

Choose basis (Ti) of H*(X ; R) ,
S .
t . To = Id

,
T
,

. . ., Tm are algebraic

classes CHInoM@R in H(X ; R) , Tm+ ... are basis of Herans # H*(X)

Gromor-Witten potential :

# (9, t) =I Ti, Tin titin RINEAIto...
BENE(X; 2)

variables to are supervariables With parity deg (Til mod2
,

and it lies

in completed symmetric product of even variables tensored With

exterior algebra in odd variables.

Q : What R-analytic space is #19
, t) analytic ?



Construct an IR-analytic space for Ea , t)

Q for even degree cohomology ,
BP I defined as :

* To = 1
. By unit axiom

,
I is polynomial in to

OCIAan) = <Zanun s. t.
Fro

, lanlr-o E polynomialso

* Tz
,

Th,
... the coefficients are Gromov-Witten invariants EX

.

8 I open unit disk) = [Iant" s .t . Urc1
,

lanir + 07
n30

② for odd degree cohomologies .
Bi defined as :

TI ,
T3, . . . appear only as monomials since they are odd variables.

consider the super analytic variety ,
whose underlying analytic

odd
,
v

variety is a point
,

and algebra of functions is NIH (XIR)

② for a parameter, define Bx
,g as follows :

Consider the torsion free part of Neron-Severi group
NS (X , 2) +f

: = Im(cliCH' < H(X;2)

For Gm = Spec1R[T,71]) , there exists valuation map from the

Berkovich analytification

U : Grn > IR

X 1- Log /T(x

Now tensor with NSIX.Glef ,
we have a continuous map

an

(u , , .
.

., up) : (NSSX,2)f @Gm .m))NSIXIR)

Let Bx.g be the open set (V
, ...,Up)"(Ample cone ENSIXTIR1)



Lemma : Gromov-Witten potential # is a lk-analytic function on

Bx = Bx .qxB x Badd

proof :

Choose ample Line bundles L , .... In St
. Wi = <(i) form a

basis of NS(X; Q) =CH' EH(X) ·

Then the open simplicial come

6. 11,0 · Wi

is in ample cone and form a cover by changing W ; and 6.

Bo
.q

=V
, ..., upl" (6) form an open cover of Bx.q.

Bo
.q

= [19 , , .... an) : 0 <i) (1)

Restricting ECt .9) to Bo.g , we have

[B .Wil

#
Boq

=[ 9
,

B . Wn)

([<Ti -·Tintii-tin)... En

Since B . Wiso
,

0 < 19: /31 ,
With coefficient & so it converges

17
.

this series converges

Let ID be the germ at 0 of an analytic disk with coordinate u.

OCID) = &[ anth : for someso
, lanir"+ 0).

Corollary : Denote by 1 the trivial vector bundle on Bx x ID With

fiber H
°

(X : R)
.
Then quantum product is analytic.



Define non-archimedean analytic quantum connection using the

same formulas (U,
7) /Bx . Over each chart (Bo

,
19j3,

Stil),
it is :

&
zu

= Ou - E +
Deg-dimX . id

U

&ai
= 89i-Wiai

Tati = Iti- Ti *
w

where En denotes the analytic Euler field Sit . VVEBo

Enr = C(TX) + Deg-2 id
(8)

2

us non-archimedean overmaximal F-bundle associated to

Smooth projective variety X/p ,
IRER .

This is overmaximal
,

since It ; and Jqi both correspond to Hlg
.

Remove redundancy by restricting to the closed analytic set we Maximal.

HEran1R ->HI



3.2 Non-archimedean F-bundles

Fix a non-archimedean field IR of char 0
,

S .t
. Ula trivial.

B a smooth IR-analytic space ,
IDu germ

at 0 in a ll-analytic

closed unit disk with coordinate U.

Define non-archimedean F-bundle similarly. Then for B an

admissible open neighborhood of a rational point in a smooth

1k-analytic space .

Spectral decomposition theorem and extension of framings theorem

holds on an admissible open neighborhood of (b)
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Special Mumford-Tate group.

Consider the embedding s:** GLzSIRI by

a + bi + (a) X
Deligne torus

the image is the IR-points of an algebraic subgroup SEGLz
,

s
.

t.

S(A) consists of Matrises (b) GL(A)
,

w . a - d = b + c = 0.

A IR-Hodge structure of IR-vector space HIR
,

is a decomposition
Hd = Hir C = HP9 s

.
t

.
Hi =P

P,E

It determines a representation P : SCIR) -GL(HR) E = atbi acts by zizby
In particular , if acts on HP.9

by iP-9

Lemma : let P : SSIR) -> GL/HiR) be an algebraic representation,
then O defines

a ID-Hodge structure by HP. 9
= M - Ker (PJS(ab) - Latib)" (a-ib)9)(

a=3+0

Def : Let H be a Q-Hodge structure and P : SCIR) -GLIHR) representation for H I R.

The Mumford-Tate group of H is the smallest algebraic subgroup of GTL/H) over Q

whose 112-points contain the image of P.

Example : MT(Q(n1) = (Gm itto
Prop : Let V be an rational subspace of &(H) := Hed (HYfor, j CNN!i = 1

Then DV is a subflodge structure iff stable under action of MTSH)

② + Ha,e (H) is a 10, 0) Hodge class if it is invariant under MTSH)

② In particular, the fixed Locus consists of Hodge classes

· For H* (X ; Q)
, we have H*X ; @MT=H(XIQ) MHPP



Universal Mumford-Tate group.

> every object
has a dual.

A neutral Tannakian sategory over h is a rigid abolian tensor category (C
. @)

S
.t . End(1) = R and I an exact faithful R-linear tensor functor wi-Vectr.

Theorem :

For every such categoryI , the following functor is represented by an affine

group scheme, called Tannakian fundamental group

Aut &: k-algebras > groups

R -> AutSWR)

Further
,
t is equivalent to Repm(G)

(See Tannakian Categories , Deligne & Milne

Example : E = polarizable pure Q-Hodge structures

w : 2 - > Vecto forgetful functor
pol

the affine group schemeHoda in this case is called universal Mumford-Tate group.

-Q-algebra R
, MTSR) consists of natural isomorphisms Wm=Wa

,

s .

t.

& compatible With tensor product on e

② compatible with unit Q10 : Naco,

= ide

i
.

.e . given morphisms VIEW of Q-Hodge structures ,
MTCR) consists of

R-linear mapy's Va VR s .t
. fron = nofr and satisfyDe

-

↓ fRtr? We
view as actions on R-modules VIR&R preserving natural morphisms of Hodge str,

preserving tensor products and exacting trivially on RAQ(0) = R
Q



(1) For Q-Hodge structure V of weight u
, the action of veR"on U by

& (v) = 20

is natural in morphism between Hdg str of weight n
, compatible with

tensor product and acts trivially on Q10)

Since GmIR) = R
* for Gm = Spec ( QIt, t+))

,
we have an

embedding 2 : Gm MT.

denote by EHod = 11-1) EMT
, acting on weight a Adg structure by (-1)"

(2) Given any me MTCR)
,

consider its action on R& Q-1) = R& F(1Pk , Q)

R -> R

1 ++ mac1)

By tensor compatibility
,

the action of m on Q(0) = Q1-1) @Q(I) is

Macj max)
= MacQx)

= Ma,)
= id ER

So Mac ,
ERX

,
and we have a Lefschetz character

MT > Gm

Its kernel is denoted as Hod
, acting trivially on QH)= HllP

· Q) ,
thus asting trivially on all Tate twist. (Call it Hodge group

* VERY acting by VP-8 on VP.& is an element of HodIR)

* Relation with a MT of a Hodge structure :

For V a Q-Hodge structure of pure weight k
,

< V
*[Hodd the subcategory.

Then MTIV) = Aut*wire) ,
and we have a factorization from universal MT

M T
Pr

, MTSV

(By Tannakian formalism, (v@EHodd is fully faithful Gr is faithfully flat)
u) universal MT.
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53.Motivic information on quantum product.

24 : pure Andre motives of smooth projective - Varieties

His)iQ) : e
*

/ Tate motives Vete is a fiber functor.

Then Mot
*

are the corresponding Tannakian fundamental group ,
i. . e.

e
*

/ Tate motives
= Repa(Motk)

&
Mot

Prop : H2(X : Qalg = H(XiQ) invariant part.

& Mot
*

action on H2(X : Q) respects the decomposition

H2(X) = Hlg(x) & HEran'X(

& The supercommutative quantum product

H* (X) * H
*
(x))H* (X)@QINETSYm(His()

is Moth-equivariant
↳ Gromov-Witten class are algebraic cycles

We have a functor Repa(Mot) h
, Repa(Hods

J
11

I

2/ Tate motives Hi , Q) :

in particular ,
Hod actions factor through Mot*



54 . Hodge atoms

k = C
,
k = Q

,

(k = Q(y *
1)

Y smooth projective variety X, (H . 5)/Bx is equivariant under cHod(Q)
, [Hod)

Consider the Hod(Q) fixed locus Bld in Bx
,

andBod the ramified covering

by eigenvalues of En action.

Let UXE Blod the Locus of maximal number of eigenvalues ,
and Ex = Bred YUx

-

Hodias - Bunramified
3-cover

Def : The set of Local atoms of X is the finite settolUA) of connected
components of EA The multiplicity of <MolUA) is the degree of the

-

-

cover Ux
,
x & UX -

Set of local Hod-atoms of Sm projective varieties

Atomi = - TroIEA) AutIA)
[x]

isomorphism class

e .g : Fano X Over D
, say det (2* - x) = X3(x2+ 9 - 1).

q

Un = (1) ,
Ex = (19 ,

XXX + a - 1 = 0) connected Riemann-surface

then we reduced structure 0
,

mul = 1

X
=

-q-1v) one connected component, m = 2



Hodge atoms

① disjoint :

for X1
.
A2 smooth projective varieties ,

declare [c) - i[x)

where i:ol[x)/AutIAIS 4 MolUiUxz)/Aut(WAHWar)

② blow ups :

X SM proj z Sm projcodim M32 .

* = BlzX ,
X = X4zL ... 47 (m-1) disjoint union of E.

Theorem (Iritani ,
and KKPY for non-archimedean,

I non-empty connected open subsets =B
,
W'E By ,

and
1

canonical isomorphism IXH */E***/
/

The subsets Fo EF
,
Wolf of unramified spectral cover

are connected

In induces a bijection of sets of connected component .

MolE) = TolUx']
Definext Mol */Auth)-x'o(*)/Ant)A') if related as above.

③ Similar for projective case.

Def : Hodge atom of smooth projective/p is (local hodge atoms)
~ above



55
.

Chemical formula

For * /k
,

we call the following map the chemical formula of A

CFHod(* ) = [mulyk · Sa : Atomsod
:Zo

de TTola)/Ant(*)

Prop : ① for Xi Smooth projective,

CF ( *, HA-) = CF(t) + CF(X2)

② for Smooth projective , [EX Smooth projective of codim

CF(Blz* ) = C F(X) + (r - 1) CF(z)

② for * smooth projective ,

V rank r bundle over *

CF(1P(V1) = v . CF(X)

Prop : (Non-rationality criterions

Suppose * Smooth projective &-variety dimd,
2

.
if A has a Hodge

atom in the chemical formula ,
s .t .

there doesn't exists smooth

projective variety of dimension [d-2 ,
that has X in its atomic

composition, A isn't birational equivalent to IP&

proof : By weak factorization theorem,
a birational map between

A and ip9 are given by
blow up and blow down. Since atomic

composition of IP& ,
CFCIpd) = (d + 1) CF(Pt)

,
we have <F(X)

consists only of atoms from varieties having dim-d-2.
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36 Detect atoms using motivic info :

Proposition : We have a functor constructed as follows :

I

F : Atom Hod > representation of Hod(Q)
-

[x] = Xb H"b
. n= 0

①given x Atom = 4oly)/AutIA)
,

associated to X,
[A]

construct the maximal na A-model F-bundle (H .8)/BXXID.
② Choose a rigid point b in UA

(b is in the fixed locus by Hod s.t. the spectral cover at b is unramified

Choose one eigenvalue 5 over b in the component [C]
.

③ Consider generalized eigenspace decomposition of
Ab

. n = 0 = It in=

By spectral decomposition theorem
,H extends to >H/ /BOD

④ Get a Hod((k) representation (t Ibn= 0

= E1 for some Q-rector space
Also a Hod(Q) representation Ed

Lemma : For Hod proreductive ,
& is algebraically closed

,
EC is finite dim of Hod/

the representation is controlled by discrete invariants and can't move continuously.

u Hods)-rep Ex is independent of 5 chosen in [x]
.

We have the following invariants of atoms - :

① dim (Ubu
= 0 )Hod()

② Hodge polynomial PatEIt*1 ,
st

. coefficient of this dimension of H 3. =0

with (p-9) degree equal to R.



nc Hodge structures F- bundles

Gromov-Witten invariants

packaged in differential equationa provide invariants under

~ birational transformation.

(non-archimedean) decomposition
us Hodge atoms

according to eigenvalues ofC*

mi
3

contain information of Hodge
motivic information structures

Hod(1 - representation



5.7 Applications to rationality problem

Theorem 6
. 8 a very general 4-dim cubic hypersurface in CPS isn't rational.

·

Pf : Assume rational Hodge classes are powers of P = (Op(11)/x for

very general cubic hypersurface.

Use P = c, 1011) to project CINE]-C19] dimH = 27.

-

Lemma : suppose (E. En) is an algebraic reductive group over R
.

(A
,

0
, 1A)

is a finite dimensional commutative unital E-superalgebra eG acts by parity ↑

1) at At , then a : A-A
, alq : A" -At and alper : Al-Aar

have the same reduced spectrum.

Consider the subbundle spanned by h = 17
,
1

,
1r1

,

...7 H
*
X; C).

Theorem : It actions preserves (19]-moduleh

pf : By deformation
invariants or Coates - Givental, ·

< C, c , To
. 3 ,

d
= 0 for T non-ambient classes.

Then the reduced spectrum of G: H + H
,

can be computed

by C: May chay



For four-dim cubic
,

it follows from Givental's computation that

I
00 69 * *

I P(y = 35(X - sox
I 8 8 159 ↳

k = 30 I * B 09
reduced spectrum = 10 , 9 ,

95
,

92.
8 8 I * 8

8 88 ↑ 8

So (H .5)/Bx40d decomposes as E (4x4)/rx
*10, 9 .

99 ,992)

Consider the following invariants of atom X
, from Hod-repentation U b, u =

D V Hodge atom x of X , P : = dimg(Ed) Hoda max (dim H.0) =2

& dimension of subspace in H"/b
. u=0 With (P-9) degree =2

,
equals 1,

↑Since"

(x) = 1
.

Such Hodge atom & can't appear pts ,
curves and surfaces

& For Hodge atom
, from point or curves

,
Coeff+=

(Pa) = 0

② For Hodge atom
, from surface with 120=0

, Coeftald) = 0

② For Hodge atom
, from surface X with 1200 :

1 = Coefft(Pt) = (subspace of ECEH s .t . Q *E Hodi@) acts by weight 2)

& dim Ha%
(5)

such surface is net ,
and has only one atom

,
with EC = HS ,@

Since s projective , it has an algebraic cycle of dim 2
,

and HoH4·

=> Phiss 33
,

contradicts 17
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Theorem : X Sm proj CY
,

the Hodge numbers of X can be reconstructed

from the atomic F-bundle of X.
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