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“At @ je/lwol point in the lows of Hodge classes , the 5%0%1-2&{
eigenspaces of Eu* are compatible with Hodge structuves, ie. the
9emwxlnzzcl &jmspaces decomyposes Canon,colh’, mto @ -Llinear rofvesmtwm
oj— Mumbord - Tate 5""4.? Hod aJl Z/z_ gro.olccl p°la'-2abl,c pure Hodjz Stmtt

[Kepy 25]
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§1.Non— avchimedeon A - model F-bundles:

Let X be o smooth projective varietty over C (K=K =C)

Fix o fidld R, st. chaviy =0, and fix |k an alserarcally closed
non-archimedean fidd |k 2 R o4 V[, trvial. Sou() le= RUY®)

Choose basis ’\T.} of H¥(X; k) ,st To=Id, T,,--, Tm ove algevroic

classes CH'" 0@k it H'IXGR), Taw - are basis of Hoyes @ H” )

Giromov — Wiften po’cmbml :
Tt = {; A T Ty Tan? By bin € RENEDE £y, 1]

7 1'|:')'|N\

P eNEIX:2)

voviebles 10 are super vanobles with pavity olzaCT;) mod 2 ,and it Lies

in oow\ylcfuk Symmetvic prooluct of even Vorioples teénsared with
exrtevior oké,cbm n ool voariableS.

Q: What k- analytic space is %(q,4) analytic 7



Construct an  lk-analytic  space for %@,

0] ‘fw evm o(l.ﬁra.b Cohomow?\, ) Bi\’.‘b o{cfmw\ oS

* To=i . 0‘6 unit Oxiom, E ‘S Pvl,]nom.‘al, in to .
OLA™™) = { Z anu" st Voo, lanlf"—ao} 2 polynomials

Y1)
¥ T2 T4, - the coefficients are  Gromw -Witten invarionts € &
0( open wnit disk ) = { Zont" 54 Yres Jomly">0)

n2o

@ for odd degree  cohomolopies, B;’f‘: defined as.

T, 13- oppear only @s monwmials s nce they ore odol variobles.
Consider the Super anal7t;o Voviety  whose underlying analytic

Yoviety iS> o pomt) and mtgowa of functons ;s /\(Ho(d:»‘l/t))

® fov ¢ parameter, define B"’T/ as follows :

Cor\sidu the torsin  free part oj Névon - Severi Gronp
NS(X.Z) g := Im(cdich' — H'(x;2))
For 67 m = Spec (RLT1M), there exists  valuation map frovn the
Berkovich Mg\(,yt.‘j;caﬂon
V. G — IR

X > LO? |Tm|

Now tensor With NS(X,z)q@ , We have a continnous map
Z

an

(v, - y,):(NStx,Z)bj ] Cm.n) — NSGR)

L@t Bx,ﬁ, be the OPM\ set (_u”_..,.‘)?)-l ( AMPLQ cone © NS(XjIR))



Lemma: Giromov-Witten potential 2 icalk -onalytic function on
@x= B,(,?/ X 5;1 * B;’(“.

Pﬂn:} :

Chesse ample Line bundles Ly, . Ln St Wi= GeLj) form o
basis of NSU R =CH" o @@ < HWw.

Then the open simplicial coNe
6= @ lR)o - Wy
15 in ample cone and form o cover by chonging W;oand 6.
Bc,«,/:(v,,...'v'?,—l c6) fwm an open cover 0} Bx.lt,,
Es,ql 2 { (2, .9 0‘\4(\(1}

Rcs’wic’oim) ECM,) +o B6q , we have

- - (f-wo) PBWn [~ —
i\56."!/:' Z Tl\" ®Q e " (L<|1h"'Tu7ﬁ'ti;’tin)

Since G-Win, D<l%ifct, with cotfficient, B so it convenges

this ceries converges .

Let 1D be the germ ot 0 o} on onalytiv disk with ceovdineie U,
0CD) = { Zant" : for Some 120, (@] V"~ o}

Coro[tw’-‘ Denote b\g X the wriviel vector bundie on By xID with
fiber H'(X:R). Then Guantum product iS analytic.



Do,fme nin-avchimedean anelytic quantum Commection. using the

same formulas (K,V)/gx. Over cach ochart (B 4333, {td),
it i

— _ Em DCQ —o{:m)(-iol
Va“ = n ne + "
Wy %
, = ;- —9 7
va% 9% Ua,
Vit = 96 - —LLx

where Ew demtes  she analytic Euler field stV v e By
Buy =0 CTe) + Doz g
2.

non- grchimedeon guoy mexcmal  F-bundle associoted o
Smooth  prejectve  Voriety X/G , R 2 k.

AN)

This is overmexmal, since 2t; and 3¢i bovh curespond £o Haig .
Remove, thundanoy by resEnceIng to bhe closed anolytic sef ~- maximal.
Him ® Ik — H @R,
=~ le



€ 2 Non-archimedean F-bundles

Fix o non-arshimedean fidd | of char 0, st. Vig trivial .

B o smooth IR-analytic space Dy germ at 0 in a IR-onalytic
closed wnit disk with coovdinete .

Dc)‘;nv non-oroh:medean - bundle Similorhy T hen }w B an
admissible  opon  neiphber hood of @ rotwnol peint in & Smoovh
lk'-ano(fytrc spoce,

Spectral  decomposition theorem and  extensin of {vamm;; thewrem
helds on an adwmissible opom n@ijhbwhoao( of ¢b)
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Speciad. Mumford - Tate gronp

Consider the embedding 5:C* > GL2(R) by

\ 6 b ligne torws
xtby — (—b o /DC 9
the image s the (R- points of an aljzbmc subgrewp S € Gle, s.t.

S(A) cwnsists of metrices (& 8] € GlatA), W a-d = bre=o.

A IR-Hodge soructuve of IR- vector space Hip, is o decompesition

He= He o€ = ®H™ st. Rt =P
’qf
Lt deteymines o representatn l: SOR) — GL(H p) b‘a Z=atbi acts la\a AR

In l;a.r{::cwlAY, 1€ ¢* acks on HY W N

Lemma: (et 0: SOR) — GL(HR) be an elgebreic  representabnn, then @ defmes
a IR- Hoolaﬂ- strwstwe by HPE = N —ker ( f (3cab) — (atib)® ca-ib)*?)
dtb'to

Dn,f-. Let H be o R- Ho»(?o Structure and (: S(R) = GLIHR) representation fw Hir.
The Mumford - Tote group of H is the smallest olgebraic Subgroup of CrliH) over &

whose IR - pornts contoin  the image of ¢

E_xamvle’.- MT(&("‘) = { GTM '-} n+o
1 i} n=d
c n . :
Prop : let V be an vatonal subspace of TJ"’(H) i= IG_BI H°d'@(H’)®")c,, 4,8 emn
Then @ V is a _subHodse structure iff stable under acton of MTCH)
® t¢ H-¢ (H) is a C(o,0) Hodge class iﬂ- it i nvewiant, under MT(H)

@ Ln porticwlar, the fixed Locus consists of Hodse classes

« For H*OG®) , we have Hfx&)" = ?(H”(m@) nHPP)



Universal  Mumfrvd - Tote growp .

A newtral Tonnckian eotesory over k is a rigid obelion tensor category (Ca)
St. Endd) =k and 3 an eract foibhjm( k-lineor tensor funttor w:C— Vutk_

Thuvw\:
For every cuch cotegory, €, the fillowms functor s representest by an affine
4 Y ( ?
Yronp scheme , calted Tannskian {undamentol growp
Avt ®. h—a\gobms —>  groups

R - Aut(Wg)
FWVI\M, € i cquivalent O E"fx(&)
(S% Tannokion Cetegories Del:jnc % M:lno)

Example: € = yolav:zablt pure Q —Hool‘,c sbrwtuves
w: € — Vutg fwjetful, funcror
ol
the offine group scheme Hd® in whis cose 1y called wniversl Mamdord - Tote 5roup.

v @ ’Oljd"“ R, MTR) consists of Natawel isomovphisms WeSUp, s,
@O compatible With tensor product on &
@ Ccompotble wivh unit @) : 'l,&“)’-'— idg

€. fgien mivphisms Vig £, wh of O Hadge stractures, MT(R) cancists of

R-Llinwar map nfs: Vo L. Ve st. fe o =1 ¢ fa. and satisfy 0@
fa l | fe

We 2 Wa
View a$ actons on R-modwles V",\% R ymsuwnz_ Noatuvyal morghisms a} Hodav. v,

vi nd cti wioll R® 6w =R
presevving Q temsor products a @ a ing trivielly on K&



(1) For @—Hoo‘?t shuewe  V of Weight N, vhe acten of veR® on V by
Lw =7

i5 natwal in movphism between vaj str of we;éu n, compat:ble with

tensov proolwct ond  alts tm.-ou? on Qo).

Since  Gu(r) = R for Gm = Spec ( BLE41), we have an

ombu{d-‘n} 4 @ <« MT.
odlenate "‘9 € = L12) € MT , acﬁy\a on wuvhb n Hda» structwre b‘a- ("l)n,

(2) Gen any moe MT(R), oonsider its acton on R® @cy=ReH (I, &)

R — R

i - Mgt
By tonsor cempatibilivy, the action of m on Be)= Q) ® Qe is

M,y Meaw™ Mycyoan™Maw™ id €R

S» Mgy, €R*, and we have a Lefschete chavocter

MT —> Gnm
1ts kond s denoted as Hod , acting trivelly on Q)= H*Pt &),
thus act.‘na {'a:v;alua on all Tete twist. (Call it Hodgz 9:»:4;7)

x ret actma by rfY on vV is on element of Hod (R)

% Relation with o MT of s Hw*oz structwe:

fov V o @-Hedge structure ojl pure m;rht k, < V>®C—_ Hela the subeategony
Then MT(V) = Aut®LW\<V,e) , and we have a fortorizatmon fram unsversel MT
MT &» MT(V)

(B‘a | onnokian {ormabism, = H.M;:l ’s fully forthful 2 ¢, is faith-fuuy flet)
wd universel MT.
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gg'M\‘tiViO informatdn on quantum product
c /

T+ pure  Andre motived of Smosvh pwjectve € -vareties
. C

HG( 1 8) € [ Tate motwes — Vect g i8 @ fiber functor.

-_— (]
lhzn Mt are the corrosyond-r\?, Tannokian fundamentol 3rourli.e,

¢
< /Tatz motnes — ¢|2"|’ Q(M“t‘)

Prop - @ H 6oty = H @™ frummans port
® Mu® action on  HX(X: @) respects the decomposition
H* (%) =H:L‘jc>\) ® Hyypnl X)
® The Supercommutotve quantum prootuct
H () % HY% — HE) @ QLNED @ Sym(Hpbo)”
(S Mot~ equiverient s
b Grromov- Wittem class are  alyewac cycles

We have o functov RePaLMotGI Rap o (Hod)
¢ I
C [ Tate motsves Het.8):

¢
in porticwior , Hod actrons  focter t‘nvough Mat .



$& Hodge otoms
K=¢, k=&,
\/ smosvh prijeoe varier) X, (H, V)/g, 18 equvariont under (Hod(@, €4y)

. Hod Hod
Consider the Hod( Q) fxed Locus Bx. in Bx, and Dx the romifred cwum;,
by a?mwlws of En action.

Hi‘ - -
Let UxE B the Wous of maximel number of o-‘gWuWﬁ,“"d Ux = Brea % U
() X

s unramfred 3 -caver

U

Hodt®) /7 By

Def: T
cf 1 he o;" % is the fm.tc seb T.(U,‘) 0_‘)" connecteo!

Compenents o f U,r The mattipkoty of € Tl
v i
covey Ua!, — U’t 7 f Lo *) iS the Nr'u of the

c.%,-. Fam X over €, 5“9 det (“—;-k): X3 X% q-1)
x = cqx: \ L] , Ux= { tq.,x)EC2C | X% Q,'\=°} connected Riemann—Surface

then %> o~ reduced Structure 0, mul =1

/

K- -1 N 42
one (anncee camponent., mi =2



Hod\gc atoms

© disjoint
for %, , %2 Smitth profective  varieties , declave (<] -~ 1)
where i Tl lyg) [ At < TolUmoxa / Aut CUsL Uy
@ blowups -
X Smprj 2 Z sm proj codim m=z 2

N
X = BLZX , X' = XUzZU-UZ (m-) disjoint union of Zz

Theorem ( Lyitani, and KKPY for non-orchimedean )
= non - empiy connected  gpen subsets Gg Bx, U'€ By, , and
AA !

icod isomorphism X “w Ky X

Candni ¢ P (%H V)/uf-(xH),(V)/U'

_ A A ¢ ’

The subsets U, T D U, g._G of mwaromified spectral cover

ore  comecteok

/

In induces o  bijection of Sets of connected  component.
. Ko(U,'(:) ':" T"“(Uk')
Dcfm ® € Mol X) [Autly ~ '€ T @)/ Ak X) ff related as obove.

® Similev for projectaie case,

De}'- Hoo\J& atwm of Smesth PV’]““"“/d: is (local hodge o.ooms)/ )
U above



$S. Chemical formula

For % /¢, we call the follwing mep the chemical forrmula of x
c

CFM(%) = 2 mwy®) Jdx Atomsma—* Zszo

P"’P’ 0 fW %i Smoth prjectve,
CFt%uac,): CRL%,) + CF¥e)
@ fm/ X Smoovh Froje,cti\/(./ 2 €x SMUoth fwjutwc oJ( codim. v

CE(BL, %) = CE(¥) + (r-1) CF(Z)

@ J’of X Smooth Pnjccth/c, \Vj yank r bundle over ¥

CFLppw)) =7 CF(X)

P'°f'- ( Non —votonality oritesion)

Suﬂ;osc X Smooth projectve @—Vcr:&tj dim 422, ij- % haS a Hodae
atom in the chemical formala, st. theve doesn't exists smovth

projective \/ant’tp oj- dimenSion £ d-z, that heS o m jts atomic
compositon, % it bivebional eguivalent bo p*

proof: B‘a week  factorigation vharew, @& birational map between
X and l]"* are gwcn blﬂ blow up end blow down . Since atomic

Composiwion of P4, CRUPY) = (ler) CF PR, we hove CFUX)

consists only of atoms from varieties having dim. <d-2.
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§6 DCtUt O(’;\)MS (LS'lVlg mOtiv;(_/ iy\_foz

proposi-t:on: We have o 'fuv\ctor constructed  ag follows :

Cc
F : P‘hmﬂod > representotion o‘f Hod¢ &)
[od = M5 H®|
0) gven o € Atom':{f: = 5(] T\',,(U*) [ Autik) , associated to X

b.wn=0

constuet, the morimel na A-model F-bundle (K‘V)/GXHD.
® Chose or.‘9rol point b in Ux

(bis in the fired loms by Hod st. the spectra(. cover ot b is umramified)

Choose one etgenvolue T over b in the companent (1.
Al
® Consider gonwol;.ud cfgenspacz decompositron of Hiuzo= ® Hyuzo
e [
By cpectval odecomposition sheovem, Ht.“‘:, extends to ()’L ,Vb) /B“MD

@ Cf(»t o Hvd”k} represent otion Hb\

bwco Ez ® Ik for come Q-vecter space
Also & Hod (R) vepresentotion E. ]

Lemma: For Hed proveductive , & is alaebya:a“)l closed, E ;s fm;te dim of Hel&)

the representatoon s confrolled 17 disorete invoviemts and (an't move cont:nuousby-

w® Hod (R)-vep Eu is indgpendent of T chosen in [x1

We havc the ‘II:DU/DWMQ Vv ovs ont S af atoms ot :
Q dim (y(°‘|b.“=°)uod(a,

® Hool?e, potynomial Pu ¢ Z[t*] , st. cocﬂ.‘uwt of this dimension of M|
with (y—q,)oujno equal to k.

bvz=o



nc Hodge structures | F-bundles

Gromov - Witten invar:ants
pacha;ul. in diﬁ-mwﬁab equations
onmu invariantS under

o birotonal wransformetion,
(non- archimedean) decomposition Hodae o
accomm? 0 ugmvabues of c1x had 0 ae atoms
7 N
? contam informetion of Hodse

motivic informwb:or\
- Strwctwres
Hod (@) ~representotron



%7 Apr[,acations to rat.'onal.«"b«} problem
Theorem €.2. a very QW““L 4 _dim Ccubic hy per sunface in op® isn't vational

Pf : Assume rationol Hoo(jc classes are powers of P = ez ( Ops t0)] for
X

vuy. 3uwml. cmMbi o hafﬂrrurface'

Wse P= c (0w) to project CINE] — €31 dimH =27

Lemma : Suppose (Gr,é.,) is an aljc.bm'-c, reductive  Growp over R. CA,o, 14)
i5 o finite dimensional commutosive unital k-superalgevra &g acts by party

1f aeA%, then @ A—A, o] A" — A% and 8[pe: AY— A

hove the same reduced Spectrum,

Consider the subbundle spanned by ] = {1,2 2ue,---) € H e .

Theorem: B4 actions presenves Clg] -module M@ CLL1.
l’f'- 5‘3 deformotion mvarionts ov Coates- Gvental,

< ¢, o, T7%.3,4°° for T non -ambient classes.

Then the reduced spectrum oj q_‘.l; :H —H , con be computedl
s\

b .
y Xl k.



For fowr -dim cubic , it folews fam  Giventol's computoton that

0 0 4y 0% poy=3 (X - 3°x")
21 o ° *e resucedk speckyum ={°"i,?@,’f"}.
°

o
0 [
\ °

So (HV)/BXHM olecompases s AN
A€40.9.94,49°)

Consider the fou.wm% invarionts of atom o, from Hod-rqmntat:on H'I -

Ry ( E")HMS(&, max (o{am H),‘,.,) =2

@ dimension oj' SlabsPace in H‘*‘b.uﬂ with (p-9) ou?rec =2,, eﬁ-uats ,{11
ts:ncc k’"(x)= 1

Qv Hodse atom  ox of X, fi-=dims

Such Hodge otum o cant appear pts, cuvves and swrfoes
© For HoJ;t atom, from pomt or cuvves,° Co:-fftx(ng) =0
@ For HOJ% atom, from surface with h? :o,Colfllt‘(rdFo
® For Hodze. atowm, from Surface X with h%o0 -
| = Coeffy (Pe) = (subspase of E“H 5 8% Hod @) acts by woight 2)
Sdim HM'0S)
Such swrface is nef , Gnd has only one atom, With
hes an olgebva:c cycle of dim 2, ond H® HY.

E* = Hpes . &),

§inte § projective s il
=) sy 23, contradicts 0
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Thewem: X sm proj CY, the Hodge nwmbers of X con be reconstructed
from the atomic  F-bundie of X.
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