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nc Hodge structures F- bundles

Gromov-Witten invariants

packaged in differential equationa provide invariants under

~ birational transformation.

(non-archimedean) decompositionus
Hodge atoms

according to eigenvalues ofC*

3
contain information of Hodgemi

motivic information structures

Hod(1 - representation



31 .
nc- Hodge structure and vanishing cycle decomposition.

* analytic version of F-bundle

* arises naturally in Hodge theoretic aspect of mirror symmetry

A-model B- model

curve counting singularity theory
X : Smooth Fano variety /& 14, +1 : Y smooth quasi-proj/d

and f :Y-At proper

* information can be packaged into differential equations with a

rational structure on solutions.

Def : an nc-Hodge structure consists of

① de Rham data :

(H . 2) an algebraic vector bundle on Ah
,

andI has an irregular
singularity at 0 and regular at .

& Compatible Betti data : more later



A model example

No the number of rational curves in IP2 of degreed passing
through 3d-1 points in general position.

Nd = 1
,

1
,

12
,

620
,

87304
,

26312976....

~ example of Gromov-Witten invariants

Kontserich recursive formula :

Na = I Na
.
Nan di da da-d .ld. +dz = d

d,=1
,
dz

In general, GW invariants satisfy WDUV equation for smooth projective X

Quantum product :

H = H* (X ; () With basis (T..
. .

., Tn)
,

choose an ample class w.

If X Fano ,
then product is defined over Cta]

H@H < HQ[9]

Ti *Tj r 72[ 1 ICTITjT Th
R BENEIX)

B . w =d

Quantum connection. (H . 7) / In] restricted to 9= 90 :

Dou = Ju- Gr
8 t

uz U

Theorem (Chen 2024
, Pomerleano-Seidel 2023 with added assumptions (

X Monotone symplectic ,
QDM(X) is of exponential type,

Ci/u
i . e

. 1
, ..; Crest. QDM(X) &Cull = &e ① (Ri

. Ji)
[i

where C ; are eigenvalues of CX

(Ri
.Di) is regular singular at o

ei = (k[n]
, d-d()

proof via characteristic p method Fourier-transform



B model example :

The mirror to Fano X is a Landau-Ginzbug model :

Y quasi-proj Smooth/C
, f :Y-At proper

365

% V

[1
~
&

[2 o

· 23

Theorem ) Sabbah
,

Kontserich - Baranikov (

Twisted de Rham cohomology H =H'lY
, (Ry[u1 , ud-df1) is a free

Kin] module. The natural connection Ton = On + flut is of

exponential type.

Proof via Fourier-Laplace transform and D-module theory.

* Exponential type singularity is the simplist among irregular
singularity of differential equation ,

and can be well-understood

via Fourier-Laplace transform of CTu](u) module.

[[u] <du7 > ([97(637

U - 29
13

Ou 3

Lemma : a C[uJ(Ju) module M is regular holonomic everywhere
if as (19]g) module

,
it's exponential type at o and regular at 0.

* Stationary phase formula relates vanishing cycles of M at c with (Ri
. Dil

in the decomposition e'@x(Ri.Ji) ,
on the level of B-module.



Understanding exponential type in terms of its solutions.

Theorem : lanalytic : uniqueness and existence (

Let D be a domain in C
.

Consider the following differential eq.

y(n) + P , (x)y(n
- 1

+ .. + Pn(x) y = 0

where PnIX) are holomorphic functions on D.
-

Then the set of holomorphic solutions on the universal cover D

has dimn = n. In particular, if D is a disk
, dim/solutions on D) = n

.

Def .

We say at D is regular singular point for

y(n) + P , (x)y(n
- 1

+ ... + Pn(x) y = 0

if Pi(x) are meromorphic with a pole of order ; at a.

irregular singular otherwise
.

When a differential equation has regular singularities ,
then the

dimension of solutions around a singular point drops. But they form a

constructible sheaf on K.

·
[2

·
P

C⑧ ..
O

En
·

monodromies



↑ heorem (Levelt 751 : formal solutions)

If O is an irregular singularity ,
then In linearly independent

solutions of the form

y = eQ(x)
. x+. (4

.
+ 42(nx +... + 4s . (nx)9

where Q(x) is a polynomial in X- for geIN+,
XeK

,

SEN

Def : (ec[x]() is of exp type if all its solutions are linear combination of

9 = 1 and Q(x) = -* for some ciec

Example : x&8 + (x + 1) solution : * e
*

For an irregular singularity , formal solution + asymptotic growth
in terms of Stokes structures classify differential equations.

It's called irregular Riemann-Hilbert correspondence :

Theorem (see Deligne - Malgrange, 831
We have an equivalence of category

&
(H,5) algebraic connection on 1A'vo

Y
RH

> C-10-Stokes structure of exp
exp type singularity at 0

regular ato (2
,

1<3)

Sending (H . 5) 1 < 20 : solution of J around 0

29
, 0

: Solution asymptotic to
[i

·
20 = 2<, 0 [en. f with Re(Cie-i0) < Relge-10]

asymptoics

·o



Def : A R-coStokes structure of exponential type (1 .
11) With exponents

C...., one consists of
a R-local system & on st of finite dim fiber.

a family of subsheaves LagE2 for ge s.

t.

& Vo
,
3

,%32 (ie. Re(3,
e-ig <Relati implies 119 , 01192 .

E

& I local systems grat,-, great on sts .
t

. Locally (1 , 2c) is

a direct sum of them
, compatible With filtrations.

Def : an nc-Hodge structure of exp type consists of

① de Rham data :

(H . 2) an algebraic vector bundle on Ah
,

andI has an irregular
ofsingularity at 0 exponential type and regular at .

② Betti data :

(1
, 1) a Q-co-Stokes structure of exponential type.

s .t . they satisfy the following axioms :

* IQ-structure axiom)

(H
,
7) is a compatible Q-co-Stokes structure (2

,2)

i . e. 1 an isomorphism iso : (2
,1) @ C =

> RH(H ,1)
Q

*
(opposedness axiom) "encoding Hodge decomposition"

Example: (Why ne Hodge? from nc geometry (

(((U)) : HP(X)
CIul : HP-"((x) o(x = D(QCoh(x) ↑ > degeneration corj : V

.
b.

O
· - : Getzler-GM

Assume affine noSpec(A) ↳
C: HH(A)

S
· EB : K theory

Example of A-model : quantum connection of Fano (H .
X)

Gamma conjectures : (1
,1)@



32· Decomposition of nc Hodge structure via Fourier-Laplace transform

G (H ,5) and (1,2)

(H . 5) exp type Fourier-Iaplace
> regular holonomic M

irregular solution DR(M) = 0.

~ regular.
(1 ,2) FC

↑ 3 ↑
(2..................... F

Topological Laplace transform

Theorem : (Malgrange 91 ,
KKP08 ,

Sabbah 12(

The direction from regular Fr to irregular I.Calpate is given by :

E : Constructible sheaf on C with H*
= Sto, of exp type.

F 13
20 : = Fro

113 , 0 : = F(Hrelge-it) ,o

It is compatible with the Riemann-Hilbert Correspondence

* More generally ,
Mochizuki study the case corresponding to holonomic

& modules and describes the Stokes structures at.

&

& >
0 (2,2)&

--------
-

---
* o

Q : How to obtain constructible sheaf F on & from (2,2) at o?



Theorem 1Yu-Zhang 24 ,
see Sabbah 25 for D-mod perspectives

The direction from irregular (1
,
1) to regular F is :

Sto of exp type > Constructible sheaf on $ with H*
=

(1
, 2) 1- V <

, Fc:= H')St
,
2x

proof :

Step 1 : Assemble co-Stokes structure (2
,11) to a sheaf G on D*.

· F index 3=X .eited of Las ,
consider an embedding

St > Sg I C
*

X -> re'*
,

where r = e
Re (3 . e** (

Se = 1 G
·

Define a G whose stalk at having argument o, and on circle Sg is

gz : = 23
, 0

.

Step2 : Construct F from G :

(
*x

[
92 (15g * 197 in F : = P ! an

:
G

,
so Fg = HlS'

,2)

G on (
* - I



Application 1 : B model Q-structure

Prop (Sabbah 12 Yu-2 , 24') [Q-structure axiom is also satisfied !

Let Y be a smooth quasi-projective variety/p ,
f : Y-A proper map

Be Rham data

H = IH" (Y
, (Mi[n] ,

nd-df)&
You = ou+ *

has a compatible Betti data
,

s .t . RHCH.D) = 12,
2)&

~

I 20, 0
= HoY

,
f" (Ho

,
) ; Q

......r

2
, (r. E = H

·

/Y , f"(Hr. ) : Q

proof : (H , J)
Fourier-Laplace

, Hafx 0x

: ↑ D-module theory.

#
11

, 2) > He+
T (RJ* CIdimY]l

where it is the projector DEC/A' - DE CIA's



Application 2 : Relate spectral decomposition & Vanishing cycle decomposition.

Let 12 , 1c) with exponents (2 , ..., (n) ,
and F = #12

,
2) over any field R.

Let O not an anti-stokes-direction.

& Ivanishing cycle decomposition of FC

ChooseCo near infinity with angle O
,

and Lines Cito Co

Com
⑧ Co

...
we have a decomposition Fo /

②(Stokes decomposition of F from (1
,2)

We have a unique trivialization of (2
, 11) over 10 = 1- 0,+ O

(1 , 2(g)) = Big, B
*

cisg grc :
L

If

Via topological Laplace transform,
this induces VCoD,

a decomposition Fro = H(St, (o) = DH'JSt
,
Brics

,
B

*

cisgrc : 2)

Theorem (Yu-224VA : non-anti-Stokes direction
, Stokes decomposition and

S

vanishing cycle decomposition by straight lines of F agree at 80

P

........... a

Ci

⑨

In O

We further show that the Q-Stokes decomposition of Fg . Q by straight
lines is isomorphic to asymptotic lift of vanishing cycle decompositions of (H . %).

Theorem : for an nc-Hodge structure of exponential type,

the asymptotic lift of spectral decomposition along O

-> vanishing cycle decomposition by straight lines at 80.



Now
, allow variations of nc Hodge structures

> F-bundles
.

S3 : Logarithmic F-bundle and framing
B = SpfRIt, ..., In

,
9

, , ..., Inl, D = V19 1 92 ... an) normal crossing divisor

Def : ALogarithmic F-bundle over (B. D) is a vector bundle r on BXSpf(RInA)
* is a meromorphic flat on U with poles in U = 0

,
and

Trcn
, Justi , Jugggy regular

Example 1: (Logarithmic A model F-bundle

Fix a basis (TilozieN for H* (XiR)
, Ola) CH

* where * is well-defined.
-(a)

Let U = SpfR4to..., twI a formal neighborhood of(a) in H
*

(X : b)

StH(XiR) 5969 is a derivation on CINED : 5909 · 98 = (8 . 3) 99

Then define (H
.
5) over SpfRINElx SpfRIto , ..., twI

It has trivial fiber H*XiR) and meromorphic connections

Don = On-

·it
k = (4(TX) + I

deg(Til +2
degTi-2tiTi) *

G = t (deg-dimx)

Fix a net class WEN'x)
,

then it induces RINEI-P29] by qb-gp

If w satisfies the following ,
it further induces RINED > REGI if

Vi
, ..., in

,
d

,
E finitely many &S.t. B . W = d and <Ti. ... Tinyon #o

~ Logarithmic F-bundle (H,D) /(B, D)



Extension of framings theorem

Def : A framing of (H
,
3) is a trivialization of H

,
s .

t.

connection matrices have no non-negative U terms
, i. e.

& = d + (k)a) + Gia)) du + Tiltadt Quad
Given alogarithmic F-bundles (H ,S)/(B

,
D) ,

we can restrict to

ti = gi =0 and get (217b) over SpfRIn1 . It has an extra structure

of 0naralt-a-0 and Dustil-gation on RID-mod Ho

Def : A framing y for (H
.
5) is strong if in this trivialization

t =a= 0

the T napa +=g= 0
action is independent of U.

Theorem : A framing for <R. 5)
t =q= 0

extends to a framing for (H. 5) iff it's

strong. In this case
,

the extension is unique and explicit.

proof : meaning : extend f to a trivialization of (It, ) //(B, D)

T = d +
V(t, au)dn+au/dti +

Qilt.9.u) day
U2 U U

2) Wo. 0 . u) has degree no
,
ut 9j

Qg 10
.

0
. 4) has degree 10.

Then I ! 1GGL(m
,
R9

, tin1) with Q10
,

0
. u1 = Id

,
St.

p*
- is framed for any t

, g.
n.

Coro S Uniqness of isomorphism
↓f (Hi

,
X

, ) / (B .. D i ) and 12
,

Xz)//B2
. D2) are framed F-bundle,

and (E
,f) : (St , X. ) < (Itz

· ↑2) an isomorphism , then

(1) E is uniquely determined by its restriction to b.

(2) if (Hi , Dil i = 1 , 2 ,
maximal , then f is uniquely determined up

to a constant multiple in log directionn.



54 · Decomposition of Quantum Cohomology of Projective bundle.

Let X be a smooth projective variety. E-X Vector bundle rk m

IP(E) = Proj)SymEv1 .
Canonical map OE(1)-TE over IPIE)

.

↓ T

X

Denote by h = c , (Op(1)) , then we have an iso :

m- 1 In:
wi

*

iSo : Hsprit := H
*

(X , Q) [-2i] H*
(P

, Q
i = 0

Q : QDMCP) QDMIX) ?~

A: Iritani-Koto 23' shows such an isomorphism.

& : is this unique ? How to reconstruct Gromor-Witten invariants of P from X.

Fix We ample in H2(XiE) ,
basis of H*(X

. Q) extends to HALP, Q

*Wx nef for 1, isn't usual cup product and there is extra enumerative

infol computable

& For P ,
QDMCP) on Spf DIGIItijIx Du

& For X =X ,

Wx = (Wx , . Wx)
,

basis of H
*
(m basis of HAx

Construct QDMIX') with shifted around (a , , .... an) ,
S.t ZaiTiCH*(XiIR) .

Ata= t= 0
,

it's usual cup product,
but K = C*+ [diTi.

degiTi) + 2

andThen at a = + =0
, compare QDMCP) //Au QDMIX) /An around a



Theorem : 1HYzz24's

For b = ( b
, b

. ... , bm)ETT H* (X) S .t
.

We have an isomorphism

E (H
,
7) for IP/b

= 0

> (Hi8's for X=HX1y

if the deg + 2 components of bi satisfies an explicit equation.

Theorem : the isomorphism I : (H .5) < 128') is uniquely determined by Elb=o.

Note thatI foolP,
G * T = ( **((TX) + h +

* C ,V)UT + Pxq
*

T
t=

q= 0

for P
,
9 : PXP < P projection.

② for 1X , t = q= 0
, quantum product A =

In particular, this isomorphism depends on topological data only
.

We can reconstruct the g = 0
, n-pointed GW of IPCE) from X.



55 · Spectral decomposition of F-bundle

2.. 1
. F-bundle

Def(F-bundle) : over B = SpfRIt.... tn1 , an F-bundle (H
, 5) is

vector bundle over Bx/Ah
,

w/ flat meromorphic connections

st
.

Duou ,Must: are regular

Def (maximal) : if EUCHo
. 0 ,

b is the closed point in B
,

s .t. the map

TbB > Ub
,

o

S 13 JusIn=
o (V

is an isomorphism . Call Ent TB s
.
t

. YuEnluo =1 = Nugulu=o.

Q : Vb
,
(H ,Tllyx/) decompose according to eigenspaces. How can we more

in the base so that this decomposition is preserved ?



Theorem / Spectral decomposition theorem

Let (H . 5) be a maximal F-bundle ,
and consider Us

, 0
= Hi ,

s.
t . the

spectrum of Kb = Juculb, ⑧M Hi are disjoint.

Then (H. 5)/B decomposes into a product of maximal F-bundles

(Ni,Oil/B ; extending Ub.= Hi .

Idea : (H , 5) on B can be decomposed into blocks
, according to the

Generalized eigenvalues of U-2lt = u = 0)
.
And I change of variables

ti - [i(t)
S .
t

. each block (Hi ,D
:

// Bi depends only on coordinates of Bi.

Moving in other directions BI doesn't change eigenvalues of Ji.

& If overR = D and CA distinct eigenvalues , then ii = t - Xi(t, 9).

② If R= Q
, det(G * -t) = t

"
-2

,
and if Hb0 = Hx,Hx2 over $

then the decomposition extends.

③ If R = Q , det)cx-t) = t3
,

then it doesn't split.

*
22

T

Tz



Proof : ① Base decomposition :

Choose h on B st
.

U = UTlwochs : TB -> Kluzo is an isomorphism.

me induces a F-manifold structure (TB
,
*)

Further TbB = 4 (Hi) is a splitting of algebra
~ (TB,*)= Di

,
* /pi) a decomposition of subalgebra.

By Fidentity = [Di .Dj] Di if j = c or 0 if It i.

By formal Frobenius theorem
, (B ,* ) = # (Bi , Albi

② Bundle decomposition :

Under 1 : TB = Kluzo
,

we have Ulu= o decomposition Stable Jusulu
and Ulu= t = 0 = Ab

. o.

We show that this decomposition

extends to whole H = Hi .
St

. Yulis Eli
S
uTg(Hi) Hi


