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nc Hodﬁc structures / F- bundles

Gromov - Witten invar:ants
Facha?ut in differentiol equations
onv;eu, invariant$ under

7 biroronel wransfoymotion,

(non- archimedean) decomposition
according o ugmvnlm.s of c1x i HOdat atoms
7 Rt
J contain information of Hodge
motivic in{wmation
strwetwres

Hod (8) ~representotion



§1.nC - Hodge structwre andk  vonishing cycle decomposrtion.

* anat-at:o version of F-bundle

* Qrises na‘bvwalL‘J (n Hoo\jz theoretic aspect o} mivrov’ syrnmu/rg

A - model

CUrve counhng

3 - model

smgv\lawt\g theo»ﬂy

X : Smooth Fano variety /
ariev]) c (\{"f}-}( Smooth quasi-pvoj/c

and  f:Y—= /A" proper

% informotion con be Fnchagco( into d;ﬁmwbsot equetions with a
rotional  structure on  Solutnns

Dcf= an  nc- Hodge  structuve wnsists of
® de Rhom dota:

(H,V) oan & ebraic  vector bundle on /At‘ and v has an "rytﬁular
s:naul.aﬁt” at O and mgu.l.w at ».

@ (Compatible Betti data - more later



A model example

I\/o( the number of rational cuvves in z oj— oteg,rceo! P“SS""g

vhvowgh  3d-14  pomts in jwuut po sition
Nd = 1, |, 12 ) 620, 37304—1 26312476

)

> example of (ivomv - Witken invovients

Kontsevich  vecwrsive —fovw\ul.a'

— 3d-4 3-4
Nd = d.ﬁt- Mol. Noh. d de (d?. 3d, -2 ) - d, (3d| . ))
d.=z1,d, 3t

1n 3u\omL GW invoviants salisfy WDVV equation feor cmosvh PVOJCCGN&X

QA wontum prodtuct :
Y Tn} cheese an ample class w,

He HX(X;€) with vasis { T,
1f X Fono , then product is defined over CLA]
Hoew —— HBCH]

Ti*Tyg—> L L (z_“v__ <T=TJ'T,,>f3

R BENEW * nze Nl
p-w:d

Quontum connecton . (H0) / Clul  restwicted to 4=4,:

Cl*’
VJM = 9“—-—'- +£
/%4 wn

Theorem [ Chen 2024 , Pomerleane — Seidel 2023 with added assumpiions)

X monotwne Symplectre, A DM (x) is of
ie. 3 ¢,--,Cne €C st QDM ®CLu)) = @6 “o (Re Vi)
wheve C; are ei\genvalmea of Cax

(R, V) S rcjul,of smjul.ov at 0
et o (ewl, d-d(&n)

PY°°f via - chovocteristic. p metvhod / FOWfW-Wnnsform



B model example °

The miwvor 1o Fane X is o Landou- Grenzbuy. mooel :
Y quasi-proj smooth / C, f:Y—= /A" proper

090

Theovem ( Sobbah , Kontsevich - Bayanikov )

Twisted de Rham oohemslgy H = HLY, m—;'[“], ol-af)) s o free
Cox] moolule. 1he natural connection V= du + flun* is of

Proof via Four.‘ur—LaplﬂCﬁ W"S)&W"\ and  D- module ‘bh&‘)f?,

* Exponential type singulorivy iS the simplist ameng ivvegular
Smgulaﬁ‘btj of d;ffwoncaat uiumﬂon, , and Can be well - understood
via  Fourrer - Loplace trancform oj' €[wlu) module

Clu] <duy ——— CI5]¢ 347
" Y
au I—) ‘3

Lemmo: o CLwlQu) module M s veju\lar holonomic cve,v;whwe
ff as C[£1¢4> module , it's exponentiol type ot % ond rcﬁulw at 0

¥ Stotonory phase formula velates Vonishing Cydes of M st G with (r:.9)
in the decomposition eMg (Ri,V:) | on the (evel of D-module.



Mnd@rstandmg exponentiol type in terms of its solutions.

Theorem - (analytic: Uniqueness anol existence)
Let D be a domain in €. Consider the fnl,Lome differmtiol eg,.

tm (n-t
'ﬂ + Pt D hs Pay-Y =0
Wheve Pat®)  are  holomovphic funcwions on D,

Then the set of holomorphic  selutions on  the universel cover a
has dime = n. Ln particnloay, if D 13 ao(.'.sk,drmt(gc.Wt:m> on O) =n.

Def. we fay oel is regular singular pornt  for

tnm (n-t
Y 4 pom Y 4t paney =0

ij‘ Pitx) are mwomovplrt wWith 0 pole of ovder ;i at Q.
rrVe§VMv Singu(mf otherwise,

Whon a differentral efunoton  has r%mlm’ smf,w(an'tfcs, then the
dimension of Solutions arount a singular point dvops. But they, form a
constructle sheaf on & .

/el /

monodromies




Theovem ( Levelt 157 : formal solutions)
1f 0 is an regulor singulanty, then 3 n Linearly indepenclent
solmtions of the form

Yy= ¢ x* (ot bk 4 @5 €nx)®)
where @ (%) is o polynomial in &' for 4 e IN, , Ae €, CCIN

Qx

Def: P e €lxdar is of exp type if all its solutsons are linesw combinetion of

=1 and Q0 = —% for some Ci €€

|
—

Examylc‘ xEY o+ (x44) Solution %6"

For an ifn?ﬂhlor sngqulenity, formal, solution + asympiotic 3'°W"h

i terms of Stokes structuves classify  differentiol equotions.
1¥s calted frregulor Riemann - Hilbert corresy ondence :

Theerem ( sev WVJM’MA!.jvcn\,z,SS )
We have an equivalence of category

(H.v) algotvaic connewion on JA'\oy RH
— = (0-Stakes Sbructure of exp
ep wype Singularity ot 0
regulsr od oo (1,4<q)
Sending.  (H.V) ——> Z4g : Solutin of V avound 0

1 <4, Solution asympvotic o
C:
Le® § with Re(cie™<Relte™)




Def: A k-coStokes structure of exponentsal type (L.4c) With enponents
C\, -, Cn €L cCONngists oj

o k- locel system 2 on St of fincte dim fiber.

a family of subsheaves Loy cf for el st

O VO, 3,572 (re Re(5,e®)<Reltue™ implies l‘i.og f«r,.e

® 3 local Systems ar.f, - gr, L on stsit. Qocelky (L,£.)1is
0 direct sum of them, compotible with filtvotions

Def: an  nc- Hodje soructwve of exp tgpe congists of

® de Rhom data:
(H.V) an algebraic  vector bundle on /At, and V has an rrrtﬁulm‘

s:naulant? at O of exponent:al type and "‘9“‘"“ at .

@ Betti dato:
(£,£) o @-co-Stokes struvtuwe of exponentol wype -

st. they setisfy vhe fillewing axioms -

% (@ - Strurtwie Oxiom)
(H.V) is @& compatibk @- co-Stokes structwre (£,1c)

i-e. 3 anisomevphism [ $0: C£,1<)2¢ —_% , RHC H,V)

* Coppo:edness axiom) “e,n ood.mg Hodg& dcwmros:‘hon”

Exomple: ( Why nc Hadge? from nc geometvy)
iy CEvl = HP™'(Cx) | o depenentim vorj 1 V.b.

CX = D(@.Cuhlx)) g}
Pssume offme ncSpec () @ { 7% Getoler - &M
> (: HHCA) ¢ 5. K thowy

Exemple o{ A - modet : quontum connection of Fano (H.9)
(ramwa ov'j'utuﬂst (i;l<)az



52 . Duomqos:mn of nc Hod\c)e Structure Vide Fourer - Laplace bransform

G (H,9) and (1<)

(H. V) exp wyre Fourser - Loplace , Vegutar holonomic M

irrecyler l solubron DR (M) =0,
j, n.?uLaur.
7 9 1
( l, {< ) ( . ! . .) J-:

To po l.o’ ieal Lo.P(ou, :bvo.m f,rm

Thewrom - CMalgronge 94 kp 0f , Sobboh 12)
The divection from rcgulav Fk to ivregulear Y /. ) Ot iS given 5.3:

E‘Construc‘tibu sheat on € with H*z 0o — S‘to< of ep type.

F —  Lor= FlHos)
Leg.0=FL Heetge®, o)

It is compatible with the Rremann- Hilbert correspondence

¥ More genenally, Mochizubi study the case corresponding to holonome
D- modules and desoribes the Stokes Structures at eo .

7 (z,L)

Q'- How to obtain construrtible sheaf Font from(i,l<) at oa?



Theorem ( *{m—zmma, 24, see Sabboh 25 for D-mud perspectives)

The direction from rrnaul,ov (1,1c) to reguler F s
St0 of exp type 5 (Constructible sheaf on € with H¥=o

(£, 1<) ' Vcel, Fo=H'( St L)

proof :
Stepi: Assemble co-Stokes structure (£,4<) 40 a sheof G on c*,

o Vindex 4=h-e e € of Leg, consider an embedoling,
st—— 8§ c "

.e"'"
X 1= r‘-C'”, where 1= eRe (2 !

FIGURE 1. Examples of S¢ C C*.

Define o @ whase cstolk ot Zhovm? owaumewt B, ond on circle % iS

Gz =4,
Step2: Cons#ruct F from @‘-
@"xc
9, L S»‘;x{‘i} P )::_.__ P q/ll 5 , So )':1= H'[S"£<§)

G c* C



Appllico«‘tioni: B meded @ -structuve

Prop ( Sabbah 12/, Yu-Z,2¢') [ ® ~structure onom S also Satisfied ]

Let Y be o cmoevh quasi-prjective VMie‘t\g/(L,J(:‘{—’IA' proper mog

De Rhom data
{ H=IH' (Yf (QgCud, nat-otf)) {b
Vou = dur v

|

has o compatible Beti data,st- RH(H.0)= (L1 ® ¢
{ La'e =H.(Y, ‘fdew,u)}@) ré
Lagro=rH" (Y, f" tHy, 01 @ / //

proge (ny) T, HY o,
- i D-module theory,

4. 4e) £ HY' T (REx € Laim¥1)

T iS the projector DEC/AY —DZUAY,

where



/«\ﬂ;uwmn 2: Relate spectwol decompesition 4 Vanishing cycle decompositron,

Let (£,4e) with exponents {Ci,-, cn}, ondl F = F (£,42) over any field k.
Let 8 not an anti-Stokes —directron .

(0] [Vom'-.sh:ng, cycle olecempos:ton of F)
Choose  Co near infinity  with ongle 6, ancl Lines ¢ to c

we have u.dcoomPos-'tiM Feo 2, ® Fe. / F

® ( Stokes decomposition of F from (£L) )

We have o unigue triviolization of (L,4e) over lg= (-£+4, Z+0)
(L, £<§)| =@ @c.<;|f5c<13c.£
Via -I;oyol.nj.’oo(. Leplate  vrone furm, th.s induces V¢, e¢}

a decompor:ton Foo = H (S} leco) = @ H'(si,@cx;,!f‘t:q 9ral)

Th eovem (Yu-i',z'r') YV 0: non-anti- Stokes direction, Stokes decomposition ano
voanishing cycle decomposition by JStraight lines of F agree at Oop

We furthe/v show that the &-Stokes dletampos:tdn o} F3.8 by stroight
hngs is isomrphic o asymphotic Lift of Vonishing cycle decompo s:tins of (H.0).

Thg,oye,m . for an nc- Hoalgc Strwucture oj- exponentiol type,
the asympwotic Lift of specoval plecomposiion along 6
= V‘M"‘hm? cbclc ole compo ibon by ywmgh‘b lines at ®9g



Now, allow vaviatans of nc Hodge structures — F - bundles.

$3: Log,Av:th-'c F—bu,m[(,e, and ]me-'ma,

B-= Srf Rit), -y tn %, qm]l/ D=V(a,2.- %) normal Crossing, divisor

/

Def: A Lo?f.'vnm F-bundle over (B, D) i 0 vewwor bundle K on Bx&Gf(klivi)
V is & meomorphic flot on W with poles m w=0, and

Vs . Vuzt; , qu,a.aq'j YC?uLM‘.

EXW’WPI.Q i ( W?,O.v:f;hm'\t A model F- bu.no“b)

Fix o basis (Ti)gecen for H¥OKGR), Alo) €H™ whore Z((-“)fs we(l- defined
Let U= Spfhite, - tul & formal neighbor hoool of Aca) in HY(x:k)

FeH*(KR) 2424 is a dervatan on CLNEL : $439 - =% ¢®

Then defmt (H,9) over SefkUNEDx Spf klte, - tal

1 has trwviel fiber HE(X5k) andt meromorphic connections

K a
Vam = aV\ - u‘). + /\A.
- , Ti*
v)ti = 3’(.. 1t "‘M

Vigy = Jigr 2

K c\c.(TX) r deg Ti -2 b)) *
dﬂjc‘n)#z 2
G = —\;_' (.d.to -dimX)
Fix anef class w eN'x), thm it mouees RINED = kL4 by of — ?/P'w
If w satisfies the following it fuvther induses kINE] —kEST if
Vi, - in o , 3 fuitely mony ot pwzd oand ¢ Ty Tm2f, #0

—) Logavithmw F-bundle (H,9) /(B,D)



Extension of framings theorem

Def: A framing of (M,0)iS & trivialization of U st
connection mabrices heve no non-no?awe, W terms , (.e.

o 008 g Tletl e Gt dby,

Vo5 u :
y -

Giiven o Logamiwhmic F-bundles (H.9) /B,0) , We con reswrict oo
ti=9; =0 and get (M, V") over Spf kfinl. It has on exvre structure

°§ V“@)Q/ltqpo and Vua‘t;lt%g‘:"'“’“ on  kQul-med K"

Dcf: A fvam:ma Vﬁ' {or LH.V)L is s‘hong, i]( in this tvivelizetron

24,c°

the Vugoy |, 2q-0 action is indepenctont of w.

T heorem. A frwnm for &K,V)|t=$=outmds to a fmmmﬁ}, for A) .'ﬂ- it's
S‘bvonq}. In this case, the eatension is unigue and 2xplicit.

rrvOJ‘ omeaning - eatena vi’ to a wrivichzaton of (K,V/(6,0)

- ute,q.4) Ttan g, . Qrtgu) d4;
V=d+ —du + A2 dt.'l'—)T;

~> Uleew) has dlegree  u,ut,
&'3 (0,0.u) has dgm, ne.
Thon 31 Ps GrLLM, k(‘:Q.tM—l\) with £(o,0.w= 1d , St
P¥g s fromed  for ony t.q¢.m,

Coro ( Wniguess  of  icomorphism )
If (H, v/ (B8,,0)) ana (Hz,VL)/(Ba.DJ-) ore )Cmmect F-bundie

ond (x.£)2 \H,, V) — (Ha, @) an isomorphism |, then

2 s uniquely oletermined by its restriction o b.
if (H%) i=12, moaximal , then § is uniguely determmed wp

Yo 0 wnstont mubriple  in l,og, clivecton -

(21



§4’ Dt,comyosrbmn of Quantum Cnhormlmyy .J; Fnjec‘tr\lc bund le..

Let X be & smooth projectwe variety. E — X veiter bundle rhm
IP(E) = Pro; ( Sym 2V ) . Canonical map OE(—i) —T*'E over IP(E).
w
X

Denote by h= ¢ (0ptv) , then we have an iso:
m-t . Zh:l-”tl
i50: Hope = @ HAX Q) (23] "—— H'p, @y
=9

Q. @omcp) w  @omix) ?

A:  Iyitoni-Keto 23° shows such an isemorphism.

R :is this unique 7 How to reconseruct Gromov -Witlen invaviants of P from X

Fix wa 0{1\?1& in H"(x;Z) , basis o H‘*(x_g_) extmds to HX(P, @)

T*Wx nef For £+t ususl cup product and bhove is extnon enumerptive
infs | computovle)

0] For F/ AROMCP) on Sr} (I(Hﬂﬁt.,il xCu

, m
@ For X'= 1L X, Wx'= Wy, wx), basis of H*(x) ~» bass of H¥*(x")

Construct QDM(X') with shifted arowna (o, ... @n), ST Za; T'6 H¥(X; k),

At ¢=t=0, it!s usual op prociuct, but K = Cakt I :.-_; a:Ti .
o s

Then ot g=t=y, compare &DM(P)\,A and. &DMM’)[,A:A around a,
w



Theorem : (HYZ2 2%)
For b= b, by . bu) €T H¥(X) st. we have on isemerphism

2 (V) forip ]|, —— (W7 for X=X

iff the olza 42 components o} bi sabisfies an explicit equation.

Theonm » the ;soyn-ovphiSm E: (HV)— ()'tI,V’) ’y Mn:ﬁu'y oletermined b; e ‘b=0 .

Note that © fvIP, G ¥ T= (R*Cu(To) + h+R*V)UT + BT
_t_o
for 09 Px «P — P projecson.
@ for WX, t=4=9, qVLa»tnm prooluct ¥=U

In povttwler, ©his Somwphism depends 0n  opologicol olata only.
We con yecenstract  he 4=0, n-pointest G of IPCE) from X.



§5. -Sc:o,c.vml, olzcompos:tson o4 F-bundle
2.4. F-bundle

Def (F-bundle): over & = Spf REt. - tnl , an F-bundle (HT) is

VeLter bundle sver  Bx /AL, w/ flat meromorphic connectns
s.t. Vu‘)u ,Vwrt: ore rl,au\l,kf

th (maximol) : i 3 h€Hp., bis the closed gomt in B, 5.1 the map

TBD — W0
4 — Vwﬂu“(v)

iS an somovphiSm.  Coll Fu ¢ TB .t Vuguluso = K = Vitonlu=o.

Q:V¥b, (H'V)Iww decompose  accordimg 4o eigenspoces. How con we move
in the boase so that this decompositin s preserved 2



The,orw\( Sfuf/u-l, ke compositron  Theorem)

Let (H7) be o moximal F-bundle, and  consider K, .= ® Hi, st. the
spectvum of K, = Uyuly,,, on Hi are disjoint.
Then W9 /g decmpeses inte & prodnet of maximal  F-bundles

\Hi) %) /g, extending Hpo= @ Hi.

]_olow(H.V) on B can be decomposed into bl,ooks,acco/olm?‘bo the
gwwwuot z:ﬂ(mvolues of U-2(t=n=9°) And 3 Oh”‘ﬁ" of vavicbles

. t:—Ti (1)
s.t. each bleek (H',V')/gi o(chds on\) on coovdinates o)(' B; .

Moving m gther dvetrns B/ doesn't chan?a e.?uwaSo v

o lj overk=C and Cu; distmet etgmvalweS, then Ti =14~ \ittq).

® I k=8, detlnx-t)= -2, ond if H,,=H, @Hy over &
then  tht decompositon extends.

® 1f k=&, det( c;,:.t)z 12 thon it doesnt spht.

S

/— CZ
T



Proof- @ Base olecampositin -

C‘IOOSQ h. on B -’~t-'L=uV|u=°°h)'- Tb - K—Iu-"—o S on :samnphism.
> tnolnes ¢ F-menifold struture (TG, %)

Further T B = @v,/: (k) i3 @ spl'w:m? oj cl.ﬁwo
was (T, %) =(@® Ui, #lp.) @ decomgosition of subolgedrs.

By Fidenty = (0,031 € O if =4 or 0 if j44.
By frmal Frobenms theorom, (B, %) = T (B, #1,,)

@ Bundle decompesivion :

-~
-

Under N: TB = Hlu=e , we have H—‘u:o decampesition stovle th’ulu
and K|u=t=o = Huo.

We show that this decomposition
extends o whole . = @ Ki.st. {u"vav.(”i) cH;
uVgino e



