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ABSTRACT

Frontier agents can now sustain hours of autonomous work. Greater capability
may bring greater progress, but it may also carry an agent farther along a wrong
route. Existing long-horizon mathematics benchmarks are difficult to build, satu-
rate quickly, or rely on language models to grade partial progress, making it diffi-
cult to measure how much effort an agent spends on a wrong route. We introduce
IGP-Bench, a benchmark of 200 long-horizon inverse Galois problems from com-
putational algebraic geometry, 39 of which have published explicit polynomials or
regular families in our surveyed literature. Each problem has intermediate results
that are difficult to find but easy to check with deterministic GAP and Magma ver-
ifiers. Agents record their partial results and attempts in an artifact graph, allowing
us to measure verified progress, instruction following, tool use, and resource al-
location and, most importantly, to analyze their ability to know when to stop.
Across five problems, 27 verification checkpoints, and more than 32,000 possible
routes, we observe that knowing when to stop and construction abilities are largely
distinct (Spearman p = +0.01) and that newer models can spend substantial ef-
fort on wrong routes. To address this failure mode, we introduce GALOIS, an
open-source multi-agent system designed to identify promising routes and stop
work on wrong routes. It comprises a lead agent, an optional strategy reviewer,
specialist agents equipped with 36 general algebraic geometry skills, and a route-
rejection agent that checks for possible obstructions in parallel. In reference runs
led by Claude Opus 5.5, GALOIS obtains Magma-verified realizations for all five
tasks in 10-126 minutes, including polynomials for Ms3 and Moy that no single
agent realizes in our evaluation. We will release the tasks, verifiers, evaluation
code, and GALOIS.

1 INTRODUCTION

Al agents can now work autonomously for hours on tasks of increasing difficulty and duration (Kwa
et al., 2025), but greater capability does not necessarily bring greater awareness of when they are
doing things wrong. For example, OpenAl reported that a long-running model mistakenly sustained
an intrusion into Hugging Face’s infrastructure for two and a half days, illustrating how persistence
on a wrong route could be dangerous (OpenAl, 2026b; Hugging Face, 2026; OpenAl, 2026a;
Greenblatt et al., 2026). Similar issues have been observed in Al-assisted mathematical research.
In the recent realization of Ms3 as a Galois group over Q by Huang et al. (2026), the most capable
models were also the most persistent on routes that eventually failed. According to the authors’ Al
disclosure and reflection (Zhang, 2026; Chiou, 2026), the agents kept proposing to go further on a
wrong route, and it was the human authors who decided when to stop computations on wrong routes
and identified the essential obstruction, which led to the final success. This raises a question: do Al
agents know when to stop pursuing a wrong route, and how well can they make this judgment?
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Inverse Galois theory provides a particularly suitable setting for evaluating whether research agents
know when to stop. These problems have recently become a focus of Al-assisted mathematical
research: SAIR’s IGP24 competition drew 256 participants over two months to search for explicit
degree-24 polynomials realizing transitive groups of degree 24 over Q (SAIR Foundation, 2026);
AIM’s 2026 workshop on Al and number theory posed the question of realizing the last sporadic
simple group Ma3 (American Institute of Mathematics, 2026); Epoch Al features the M3 problem
in FrontierMath: Open Problems (Epoch Al, 2026); and Scientific American also recently covered
the development of this field (Chiou, 2026). As experts in inverse Galois theory point out (Antieau,
2026), an essential difficulty is deciding when to stop a computation and move to another candidate.

To introduce IGP-Bench, we first recall some mathematical background. For a finite group G,
the inverse Galois problem asks whether there is a polynomial f € Q[V] whose Galois group is
isomorphic to G. We call an approach to constructing such a polynomial a route. Each route is
specified by a list of conjugacy classes of G, called a class vector, for example (2A4,23A,23B)
of Mss. Our literature survey provides a reference set of known routes, while historical attempts
suggest that a generic route is unlikely to succeed. The difficulty is that a class vector may pass the
initial group-theoretic tests yet lead to a cover that cannot be defined over Q. Simply choosing a class
vector and pushing its construction further therefore need not bring the target polynomial within
reach. This makes route selection and stopping decisions a substantive part of the mathematics.
The case of M3 illustrates the challenge (Figure 2): its 16 nontrivial conjugacy classes give 816
three-point and 3,876 four-point routes, while only (2A4,23A,23B) is currently known to yield a
realization over Q (Huang et al., 2026). An agent must therefore decide which candidates justify
further computation and which should be set aside as new evidence emerges.

IGP-Bench uses these problems to evaluate agents. Each of its 200 tasks asks for a realization of
a finite group over Q. We divide the work into three stages: screening, which identifies candidate
routes and tests their group data; route identification, which verifies the group data for a route labeled
correct; and construction, which follows a selected route through its intermediate objects toward a
polynomial. A task comes with a checkpoint ladder: a sequence of intermediate objects checked
by computer-algebra verifiers. For each problem, agents record intermediate results and attempted
routes in a labeled artifact graph, with resource costs such as CPU hours and output tokens attached
to artifacts.

From these artifacts, we compute a progress score P and assess instruction following and tool use.
We quantify stopping behavior with the knowing-when-to-stop metric K, and resource use with the
resource efficiency metric U,., without an LLM judge (Appendix D).

We evaluated nine frontier-model systems on IGP-Bench, 100 = e s

GPT-6 Astra, GPT-5.6 Sol, GPT-5.6 Terra, DeepSeek V4
Pro, and GLM-5.3 Flash. We ran each system twice on
each of five tasks targeting the Mathieu groups M1, Mo,
Mso, Mss, and Msy, for 90 single-agent runs in total.
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(81.0), outperforming the newer Claude Fable 5.1 (62.4), 04 . . . . .
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Among many other findings in Section 6, the following
two are particularly interesting.

1. Going deeper does not always imply a better score.  Figure 1: Progress and knowing when
2. Choosing a route and knowing when to stop are each to stop by system, means with 95%
largely distinct from going deeper. bootstrap intervals.

We also introduce GALOIS, an open-source multi-agent system. Its lead agent plans the work, while
specialist agents follow stage-specific procedures based on general methods from the literature. In
parallel, a route-rejection agent checks candidate routes for known obstructions. GALOIS rejects
a route only when an exact obstruction is proved; it may also defer work when a resource limit is
reached.
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In separate reference runs led by Claude Opus 5.5, GALOIS obtained verified realizations for all five
tasks within 126 minutes each, including polynomials for M3 and M, that no single agent realized
in our evaluation. Our contributions are IGP-Bench and its metrics (Section 3), GALOIS (Section 4),
and the initial evaluation (Sections 5-7).

2 RELATED WORK

Mathematics benchmarks and partial credit. FrontierMath and Riemann-Bench score final an-
swers without partial credit, and HorizonMath ranks solutions that improve a published bound
(Glazer et al., 2024; Garre et al., 2026; Wang et al., 2026). IMProofBench pairs research-level proof
problems, graded by human experts, with automatically graded follow-up subquestions, and The-
oremBench evaluates machine-verified theorems in Lean (Schmitt et al., 2025; Pham et al., 2026).
PaperBench and EXP-Bench grade parts of research workflows with LLM judges (Starace et al.,
2025; Kon et al., 2026). In IGP-Bench, the intermediate states are the mathematical objects on a
task’s checkpoint ladder, and GAP or Magma verifies them (Table 1). The Ma3 realization is prior
work (Huang et al., 2026; Zhang, 2026).

Al systems, research agents, and multi-agent systems. FunSearch and AlphaEvolve find new
constructions by search (Romera-Paredes et al., 2024; Novikov et al., 2025). QED, an open-
source multi-agent system, separates planning, proving, and verification and has produced original
proofs on research-level projects (An et al., 2026); Aletheia and the Al co-mathematician also tar-
get research-level mathematics (Feng et al., 2026; Zheng et al., 2026). MetaGPT, AutoGen, and
CAMEL assign agents different roles (Hong et al., 2024; Wu et al., 2023; Li et al., 2023). GALOIS
also has a lead agent and specialists, but it differs in two respects: every mathematical result must
pass verification, and a route is rejected only when an exact obstruction is proved, while resource
limits may trigger deferral; a dedicated agent checks routes for obstructions in parallel. Appendix A
lists further work.

Cost, overthinking, and stopping. Kapoor et al. (2025) argue that accuracy-only benchmarks
can reward systems that are unnecessarily expensive. Reasoning models can spend computation
where it is not needed (Chen et al., 2025b; Sui et al., 2025), and extended reasoning in agentic tasks
can displace useful interaction with the environment (Cuadron et al., 2025). Adapting test-time
computation can work better than allocating it uniformly (Snell et al., 2024), while longer reasoning
can reinforce distractions and mistaken strategies (Gema et al., 2025). The abstention benchmark
AgentAbstain scores one decision per task: on paired everyday tasks, the agent should either act or
abstain, and each task is scored pass or fail (Liu et al., 2026). IGP-Bench measures the outcome of
many decisions per run: over hours, the agent repeatedly decides whether to continue a route, and
K, summarizes what its wrong routes cost, with routes assessed using literature support or a verified
polynomial produced during the run (Table 1).

Table 1: Related benchmarks. Long-horizon: an agent works on one task for hours (A: multi-step
runs that are shorter or of unreported length). Partial credit: intermediate progress earns credit. De-
terministic: grading uses neither human nor LLM judges. Task-derived: the intermediate states are
objects produced on the way to a solution, not subquestions written separately. Stopping: whether
and how stopping decisions are measured. v yes, A partly, X no; N/A: no partial credit is given.

Benchmark Long-horizon Partial credit Deterministic =~ Task-derived  Stopping

FrontierMath X X v N/A X

Riemann-Bench A X v N/A X

HorizonMath X X A N/A X

IMProofBench A v A X X

TheoremBench X v v X X

PaperBench v v X X X

EXP-Bench A v A X X

AgentAbstain X X A N/A binary per task: act or abstain

IGP-Bench v v v v continuous per route: time, tokens, CPU hours
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3 IGP-BENCH

3.1 BACKGROUND

A cover is a finite map from a curve to the projective line. A class vector with r entries prescribes the
ramification of a cover with monodromy group G branched over r points; we call the route three-
point or four-point accordingly. Such a cover, when defined over Q, gives a polynomial family
F(T,V) over Q(T'). The family is a regular realization of G if its Galois group over Q(7T') is G and
Q is algebraically closed in its splitting field. By Hilbert’s irreducibility theorem, infinitely many
rational values of 7' then give a polynomial over Q with Galois group G (Serre, 1992; Malle &
Matzat, 2018). Group-theoretic tests can rule out a class vector before any equation is computed.
Passing them yields no polynomial, and neither does an existence proof (Appendix B), so we score
route identification and construction separately.

3.2 TASKS

Three tiers. Each of the 200 tasks specifies a finite group G and asks for a polynomial f € Q[V]
with Gal(f/Q) = G. The 38 Tier I tasks have a published polynomial or regular family. The
55 Tier 2 tasks have an existence proof but no explicit polynomial in the cited sources. The 107
Tier 3 tasks comprise 106 open tasks and PSL2(16), for which we retain the Tier 3 label assigned
at the time of the experiment. A later literature audit identified a published explicit polynomial for
this group; its Tier 3 label here records the experimental classification, not its current mathematical
status. Domain experts designed the tasks and assigned the tiers from the cited literature.

Checkpoints. The generic checkpoint ladder has five checkpoints: a generating tuple, a braid
orbit, a cover, a regular family, and a final polynomial. A generating tuple for a class vector
(C1,...,C,) consists of elements g; € C; that generate G and satisfy ¢g; --- g, = 1. Up to si-
multaneous conjugation, these tuples form the Nielsen class of the route. For four or more branch
points a braid orbit corresponds to a connected family of covers; for three, each element is a single
cover. The first two checkpoints concern this group data, the last three the construction. Six tasks
have ladders adapted to known constructions (Appendix D). At each checkpoint, GAP or Magma
checks the required properties of the submitted object; credit does not depend on a reference solu-
tion, and agents have access to none.

Route ledger. The route ledger lists the class vectors supported by the literature and any known
obstructions. Only routes supported by the literature or newly proved valid during a run are labeled
correct. For a newly proved route, the run must produce a verified polynomial (Appendix E). This
designation determines the route-identification score and K, (Section 3.4). Appendix D gives the
acceptance rules, and Section 7 discusses the limits of this designation.

What the agent sees. The agent receives the target group, objective, checkpoint descriptions,
point schedule, and a fixed budget. It works without network access in a persistent sandbox with a
shell, Python, GAP, Magma, and an offline corpus of 17 documents, from which those that reveal
the task’s realization are excluded. It submits intermediate results in a required format. A formatter
checks the syntax, but the agent sees neither the route ledger nor any verifier result, so it must assess
its own progress.

3.3 EXAMPLE: Mo3

The Mg task illustrates the three stages. In screening, the agent lists candidate routes and tests
their group data: there are 816 three-point and 3,876 four-point class vectors, and each verified fact
about them earns screening credit. In route identification, the agent must submit, for the literature-
supported route (24, 23 A, 23B), group data that the verifier accepts; naming the route earns nothing.
This route has seven covers, exactly one of which is defined over Q (Huang et al., 2026). In con-
struction, the agent follows the selected route by computing the cover’s equations, expressing them
over Q, and obtaining and specializing a regular family (Appendix C). No single agent reached the
exact cover equations on this route. Instead, several runs constructed, on the route (24,4A4,23A), a
cover over a quartic field; the branch cycle lemma rules this route out over Q (Figure 2).
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¥
(2A,23A,23B) (24,4A,234) (2A,11A,11B) (24,14A,14B)
generating tuple, genus 4 2 covers genus 0 22 covers, genus 2 17 covers, genus 2
Y
2 Nielsen class: 7 covers, branch Cycle lemma: complex conjugation complex conjugation
braid orbits no cover over Q fixes 4 of them fixes 3 of them
3 genus-4 curve X, cover bullt anyway, Galois partition Galois partition
degree-23 map ¢t to P! over a quartic field unresolved unresolved

field of moduli Q:
G g-orbit partition 1 + 6

5 descent of (X, t) to Q
regular family F' (T, V'),
degree 8 in T°, 23 in V

T = —3703/947:
Gal(f/Q) = Mss

Figure 2: Routes on M>3. Green: the correct route (Huang et al., 2026), one box per checkpoint
(Appendix C); full boxes were verified by at least one single-agent run, faded boxes by none, and
the GALOIS reference runs complete the column. Red: a genus-0 route ruled out by the branch cycle
lemma, on which several agents still built a cover over a quartic field. Grey: genus-2 routes with
neither a known cover over Q nor a proved obstruction.

3.4 METRICS

Artifact graph. A run is one system’s attempt at one task. The agent records its work as a directed
graph. Each node is an artifact: a declared unit of work containing tool calls, outputs, and checkpoint
submissions. The agent also records which artifacts depend on which others and declares each
artifact as screening or as research on a named class vector. The evaluator assigns model and tool
costs to the artifact that is open and reports unattributed costs separately. Verifiers alone determine
progress.

Progress score. The progress score adds three components:

P=S+R+C, 0<S8<30, Re{0,30}, 0<C <40. (1)

The screening score S rewards verified facts about candidate routes and constructions, up to 30
points. Each fact earns credit once, with a weight based on the strength of its evidence. The route-
identification score R gives 30 points for verified group data on a correct route, and earning R also
sets S to 30. The construction score C depends on the deepest construction checkpoint that the
verifier accepts. A verified polynomial earns all 40 construction points, regardless of how the agent
found it. Appendix D gives the acceptance rules and point schedules.

Unless stated otherwise, tables report S, R, and C' as percentages of their respective maxima. POLY
is the percentage of runs that produce a verified polynomial.

Knowing-when-to-stop and resource efficiency metrics. We define knowing when to stop as
ending or redirecting work on a wrong route before it uses up the budget needed for other routes. We
quantify this with the knowing-when-to-stop metric K, and resource use with the resource efficiency
metric U,.. Both lie between 0 and 100; the subscript  names the resource (output tokens by default).

To compute K., we separate the artifacts declared as screening from those declared as research and
group the latter by class vector. Let B, be the total cost of the screening artifacts, and let C;" and
C,” be the mean research costs per correct and per wrong route. Then

B, +C}
Ky =100 L @
Br + C’!‘ + C’!‘
A higher K, indicates a lower mean cost per wrong route relative to screening plus the mean cost of
a correct route. Including screening allows the metric to account for useful preliminary work even
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before the agent reaches a correct route. Because K, uses the mean cost per wrong route, we report
the number of researched routes with it (Appendix G.3).

U, is the share of recorded cost spent on credited artifacts and the artifacts they depend on. Together,
K, and U, distinguish choosing routes selectively from making verified progress on the routes
chosen. Appendix D provides the accounting rules, a worked example (Figure 6), and the artifact
graph of one run (Figure 7).

4 GALOIS

GALOIS builds stopping decisions into its research process in two ways: a route-rejection agent
works in the background, and every experiment has a resource limit.

Control loop. At each step, the lead agent reads the plan and the evidence sheet, then proposes tool
calls, specialist work, or completion. A deterministic checker validates the proposal’s format. An
optional strategy reviewer checks whether the proposal is supported by the evidence, advances the
work, and uses appropriate tools. The runner launches resource-limited subprocesses or specialist
sessions and records their outputs in the evidence sheet (Figure 8). Each skill is a written procedure
for one pipeline stage (Appendix B). The revision used for our runs contains 36 skills and 122
registered tools, covering candidate enumeration, cover reconstruction, descent, and specialization.

Rejecting and deferring. Initial screens rank candidates by generation of G, rationality, closure
under complex conjugation, Nielsen count, and genus. A candidate is rejected only on an exact
certificate, namely a field-of-moduli test, an audited obstruction to its class vector, or a verified
negative result in descent or regularity, and only within the scope of that certificate; the reports of
the route-rejection agent are advisory. A candidate is deferred when a resource limit, such as the
time limit of a Grobner call, is reached without a certificate. When exact recognition fails, the next
step must be a justified precision increase, a coordinate change, another resource-limited test, or
deferral, since more digits do not repair unsuitable coordinates (Appendix C, step 8); the evidence
sheet records what needs repair and when to revisit it. Once all retained candidates on a route have
been rejected or deferred, the scheduler moves on.

Reference runs. The ten reference runs, two per task, use a Claude Opus 5.5 lead at medium
effort, with strategy review disabled and no spend cap. All ten reach a verified polynomial (Table 2).
Appendix F gives the configuration and the scoring of these runs.

Table 2: GALOIS reference runs, two per task. Rejected: the three-point route excluded by an
exact field-of-moduli test before the run finished the four-point route shown. Numbers are run 1 /
run 2. Steps, Lead, Obstr.: control-loop steps, lead-agent calls, and route-rejection-agent calls; Min:
wall-clock minutes; K- uses output tokens over these steps.

Task Rejected Finished route Steps  Lead Obstr. Min USD Tokens K,
M1 (4A,4A,5A) (2A,2A,3A,4A) 46/45 27/24 10/10 78/78 26.40/22.33 128k/119k 73.5/73.0
M2 none (3A,3A,6A) 13/13 6/9 6/5 13/10 6.23/7.27 38k /38k 100/ 100
M2 none (2A,11A,11B) 22/25 13/12 5/8 126/59 24.64/14.51 252k/114k 100/ 100
Mas3  none (2A,23A4A,23B) 16/17 12/9 3/4 43741 79717727 38k /41k 100/ 100

Moy (3A,3A,12B) (2A,2A,2A,12B) 37/31 16/11 8/11 79/43 1534/12.69 88k / 74k 35.1/46.7

5 EXPERIMENTAL SETUP

Tasks and systems. We evaluate on the five Mathieu tasks M7y, Mys, Msa, Mos, and Moy, all
Tier 1. Together they have 27 checkpoints: seven for M3 and five for each of the other four. The
August 2026 realization of Ms3 (Huang et al., 2026) was excluded from the agents’ corpus. Up to
order, there are 4,752 three-point and 28,227 four-point class vectors, for 32,979 candidate routes
in total. The ledger lists 13 correct routes, roughly one in 2,500. We test nine models: Claude
Opus 5, GPT-6 Sol, GPT-6 Astra, Claude Fable 5.1, GPT-5.6 Sol, GPT-5.6 Terra, Claude Sonnet 5,
DeepSeek V4 Pro, and GLM-5.3 Flash, all at effort xhigh except Fable, which runs at max in two
later batches with the same budgets. A system means a model together with its harness and effort
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setting. Each model uses its native Claude or Codex harness, or an OpenRouter-backed adapter.
All systems access the sandbox through the same metered, offline Model Context Protocol bridge,
which records every call. Each system completes two runs per task (Table 4). Appendix E describes
the runs included and names the systems for which stored answers were blocked.

Sandbox, budgets, verification. Each run uses a network-isolated workspace with Python, GAP,
and Magma (Appendix E). The budget per run is 10 hours, 500,000 output tokens, eight CPUs, and
a task-dependent memory limit. Hitting a budget limit ends the run, but finalized artifacts can still
earn credit. A checkpoint counts only when its verifier returns verified. Appendix E gives the
verifier limits.

6 RESULTS AND ANALYSIS

IGP-Bench has the right level of difficulty. Mean progress scores range from 2.6 to 81.0 (Table 3;
Figure 3). Four systems, GPT-5.6 Terra, Claude Sonnet 5, DeepSeek V4 Pro, and GLM-5.3 Flash, do
some screening correctly (S between 8.7% and 49.7% of its maximum) but rarely identify a correct
route (R at most 20%) and make almost no construction progress (C' at most 2.5%); none of their 40
runs produces a verified polynomial. The other five systems make measurable progress on routes,
each identifying a correct route in at least half of its runs, so their 50 runs can be used to compare
how agents choose and pursue routes; the next four paragraphs use these runs (Appendix G.2). No
system solves all five tasks, although all five are Tier 1 tasks with a published realization. Only 16
of the 90 runs produce a verified polynomial, 3 on M, 5 on M4, and 8 on M. No run does so
on Moz or Moy.

Table 3: Main results on IGP-Bench. Means over the runs of each system. S, R, and C are
percentages of their maxima, 30, 30, and 40; P is in raw points. POLY is the percentage of runs
ending with a verified polynomial. U, is the resource efficiency metric and K, the knowing-when-
to-stop metric, both computed from output tokens. GALOIST summarizes separate reference runs
under a different protocol, and its U, is a step-based proxy (Appendix F). Table 5 provides intervals,
and Appendix D defines the other metrics.

Verified progress Allocation Protocol Tool use

System Screen Route Constr. Total POLY Eff. Stop Format Fidel. Valid Term. Runs
S R C P (% U K, Iy n (%) (%) n

Claude Opus 5 100.0 100.0 525 81.0 50.0 57.7 72.8 969 990 998 912 10

GPT-6 Sol 97.0 800 225 621 20.0 314 79.1 99.2 984 100.0 98.7 10
GPT-6 Astra 780 500 525 594 50.0 603 559 982 100.0 99.8 96.7 10
Claude Fable 5.1 947 700 325 624 300 722 927 956 97.5 100.0 91.1 10
GPT-5.6 Sol 80.7 50.0 125 442 100 275 629 984 98.0 999 942 10
GPT-5.6 Terra 49.7  20.0 25 219 00 246 382 963 99.7 999 940 10

Claude Sonnet 5 45.0 10.0 25 175 0.0 269 30.6 939 973 998 955 10
DeepSeek V4 Pro 227 0.0 25 18 00 344 66.6 865 883 996 886 10
GLM-5.3 Flash 87 0.0 00 2.6 0.0 335 639 531 750 972 820 10

GaLors’ 100.0 100.0 100.0 100.0 100.0 82.8 82.8 N/A NA NA NA 10

Going deeper does not always imply a better score. GPT-6 Astra matches Claude Opus 5 on
mean construction score (C' = 52.5) and verified-polynomial rate (50%), yet ranks fourth overall
with P = 59.4, compared with Opus’s leading score of 81.0 (Table 3); the 21.6-point gap comes
entirely from screening (6.6 points) and route identification (15 points).

Choosing a route and going deeper on it are largely distinct abilities. In the progress score
P = S+ R+ C, with maxima 30 + 30 + 40 = 100, the sum S + R measures how well an
agent chooses a route, and the construction score C' measures how far it then goes on one. Across
the 50 runs of the five systems, the correlation between C' and S + R is only +0.08 (Spearman,
95% bootstrap CI [—0.20, 4+0.35]; Appendix G.2). For example, GPT-6 Sol and Astra have similar
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Figure 3: Five-metric profiles of the Figure 4: Spearman correlations over all 90 runs
nine systems on a 0-100 scale. Dashed: (K, on 86); Figure 9 gives the full matrix.
GALOIS reference runs.

progress scores (P = 62.1 versus 59.4) but very different construction scores (C' = 22.5 versus
52.5); Sol makes up the difference mainly through route identification, identifying a correct route in
eight of ten runs against Astra’s five (Table 7).

Knowing when to stop and going deeper are largely distinct abilities. Over the same 50 runs,
the correlation between the knowing-when-to-stop metric K. and the construction score C'is +0.01
(Spearman, 95% bootstrap CI [—0.27,+0.30]; +0.17 over all runs, Figure 4). Comparing runs
within the same task gives +0.25 ([—0.05, +0.51]), so going deeper explains at most a small share of
K, (Appendix G.3). Opus and Astra, tied on construction, differ in K, (72.8 versus 55.9; Figure 1).

Knowing when to stop is only weakly correlated with resource efficiency. Over the same 50
runs, the correlation between the knowing-when-to-stop metric K, and the resource efficiency met-
ric U, is +0.29 (Spearman, 95% bootstrap CI [—0.02, +-0.56]). A high K, alone therefore does not
show that an agent converted its recorded work into verified progress.

GALOIS knows when to stop. In every reference run on M;; and Moy, GALOIS starts with a
three-point route, (4A4,4A,5A) for My, and (34,3A,12B) for May, rejects it after exact field-
of-moduli tests rule out its covers, and moves to a correct four-point route, (24,2A4,3A,4A) and
(24,2A,2A,12B) respectively, which leads to a certified polynomial (Table 2). On M, the rejec-
tion is cheap in computation, under one minute of tool time over 6 steps; the correct route then takes
36-37 steps. On My, the rejection is the expensive part, with 12—18 steps, 53—65% of output tokens,
and 52-63 minutes of tool time summed over parallel calls, after which the correct route needs 16
steps and about 15 more minutes.

Tier 2 and 3 tasks of IGP-Bench also measure agents’ ability. We run the best-performing
system, Claude Opus 5, once on each of ten tasks without a correct route in the ledger, with at most
2h 48 min of agent time per task. Five of them are Tier 2 tasks and five are Tier 3 tasks under the
classification used here, which retains the experimental Tier 3 label for PSLy(16). It solves none
of them, but it makes meaningful progress, even proving some candidate routes impossible, and
averages P = 45.1 under the open-case profile (Appendix D.4; Table 11).
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7 DISCUSSION AND LIMITATIONS

Mathematical ability and swarm-based research. Pursuing a mathematical conjecture reflects
several abilities: choosing strategies, carrying out constructions, and knowing when to stop. When
exploration is inexpensive, swarms can succeed through parallel search, but final success reveals
little about individual agents’ route selection and stopping decisions. Inverse Galois problems make
these decisions important: many routes compete for limited resources, and meaningful construc-
tion progress requires sustained effort, even on wrong routes. Meanwhile, group-theoretic con-
straints, rationality conditions, and intermediate computations provide evidence about route viabil-
ity. IGP-Bench measures construction progress and how agents allocate resources as this evidence
accumulates.

Route assessment and training. GALOIS separates construction from route assessment using dif-
ferent agents. Inits M7, and Mo, reference runs, the route-rejection agent disproves the initial routes
and redirects work to routes that yield verified polynomials. These decisions and their mathematical
justifications could serve as training examples for individual agents. Such supervision could alter-
natively come from a stronger model or a teacher with reference solutions or known obstructions.
An open question is whether this feedback can teach agents to select routes and recognize when to
stop independently.

Implications for evaluation. Benchmarks should go beyond success or failure to help explain
outcomes and identify how agents’ decisions could improve. The verified intermediate results, arti-
fact graphs, and resource records in IGP-Bench provide an example of how to examine the evidence,
decisions, and resource allocation behind an outcome.

Scope and limitations. First, computational cost limits evaluation: each main single-agent run has
a 10-hour budget on eight HPC cores. Limited resources prevented controlled ablations of GALOIS;
its reference runs are primarily used to set benchmark parameters and evaluate agents.

Second, viable but undocumented routes may be labeled wrong and receive no route-identification
credit until a verified polynomial is produced; intermediate results can still earn screening and con-
struction credit. Domain expertise suggests that most generic candidate routes fail over QQ, and no
agent established a new valid route in our experiments. These observations support the literature-
based ledger as a practical reference.

Finally, the GALOIS reference runs use Claude Opus 5.5 at medium effort. Their success suggests
that weaker lead models may also work, but this remains untested. Limited funding and time led us
to prioritize open inverse Galois problems over testing this possibility.

8 CONCLUSION

IGP-Bench evaluates research agents through verified intermediate progress and route-level resource
use. Our evaluation shows that stronger construction performance does not consistently coincide
with better route selection or stopping behavior. GALOIS integrates parallel obstruction checks
into a multi-agent research workflow and obtains verified realizations for all five Mathieu tasks in
separate reference runs. Extending this approach to open inverse Galois problems is a direction for
future work.
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REPRODUCIBILITY STATEMENT

Upon publication, we will release the 200 tasks and checkpoint definitions, GAP and Magma ver-
ifiers, route ledger, scoring profiles, evaluation and metric code, agent manual, task briefs, MCP
benchmark bridge, and full GALOIS source. The fixed corpus consists of cited, published docu-
ments, which we redistribute only where their licenses permit. Section 5 and Appendix E describe
the software requirements, the sandbox, the budgets, the system settings, and the runs included.
Appendices C and F document the Ms3 checkpoint ladder and the GALOIS run configuration. We
will also publish the preserved run directories, including artifact graphs, checkpoint submissions,
tool logs, and abandoned artifacts. If a system produces a verified realization of a Tier 3 group
whose realization remains open, we will disclose the system, model, and configuration that pro-
duced it. Reproduction has two practical limits: Magma-based verifiers require a Magma license,
and frontier-model outputs are nondeterministic and may change with provider updates. Agent tra-
jectories can therefore be reproduced only in distribution, not exactly.

ATl USE STATEMENT

We used generative Al to help draft and revise the text, write ISTEX, develop scripts for processing
run data and generating tables and figures, search the literature, and check the manuscript against
the released data and code. We did not use it to originate research ideas, generate experimental
results, or assign scores. The evaluated agents are LLM systems, and their behavior is the subject
of the experiments. Deterministic verifiers and evaluation code compute all benchmark scores. The
description-fidelity judge (Appendix D) does not contribute to the progress score. The authors re-
viewed the Al-assisted work, checked every reported number against the released tables and data,
checked mathematical statements against the cited sources, and ran generated code and inspected
its outputs. We take responsibility for the final text, claims, and artifacts, including all Al-assisted
content.
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A ADDITIONAL RELATED WORK

Mathematics benchmarks. Mathematics benchmarks range from competition and formal prob-
lems, such as miniF2F, PutnamBench, and MathArena (Zheng et al., 2022; Tsoukalas et al., 2024;
Balunovi¢ et al., 2025), to expert- and research-level questions, such as Humanity’s Last Exam,
RealMath, First Proof, UQ, and the Godel Test (Phan et al., 2025; Zhang et al., 2025; Abouzaid
et al., 2026; Nie et al., 2025; Feldman & Karbasi, 2025).

Al systems for mathematics. Machine learning has guided mathematical intuition (Davies et al.,
2021) and found new constructions through search, as in FunSearch, AlphaEvolve, and Pattern-
Boost (Wagner, 2021; Romera-Paredes et al., 2024; Novikov et al., 2025; Georgiev et al., 2025;
Charton et al., 2024). AlphaGeometry, AlphaProof, Aristotle, Seed-Prover, DeepSeek-Prover-V2,
Kimina-Prover, Goedel-Prover-V2, and DeepSeekMath-V2 target competition-level and formal the-
orem proving (Trinh et al., 2024; Hubert et al., 2025; Achim et al., 2025; Chen et al., 2025a; Ren
etal., 2025; Wang et al., 2025a; Lin et al., 2025; Shao et al., 2025). Research agents such as Aletheia,
the AI co-mathematician, QED, and Moonshine work on research-level mathematics (Feng et al.,
2026; Zheng et al., 2026; An et al., 2026; Chen & Jiang, 2026).

Research agents and multi-agent systems. MLE-bench, RE-Bench, MLAgentBench, Sci-
enceAgentBench, CORE-Bench, and SWE-bench evaluate agents on engineering and scientific tasks
(Chan et al., 2025; Wijk et al., 2024; Huang et al., 2023; Chen et al., 2025c; Siegel et al., 2024;
Jimenez et al., 2024), AgentBench and 7-bench on general tool use (Liu et al., 2024; Yao et al.,
2024), and Kwa et al. (2025) measure the length of tasks agents can complete. The Al Scientist,
the Al Scientist-v2, and the Al co-scientist automate parts of the research process (Lu et al., 2024;
Yamada et al., 2025; Gottweis et al., 2025). ChatDev and AgentVerse assign agents different roles,
and multi-agent debate lets agents critique one another (Qian et al., 2023; Chen et al., 2023; Du
et al., 2023).

Reasoning length and abstention. Reasoning models can also underthink (Wang et al., 2025b),
and budget forcing and early exit control how long a model reasons (Muennighoff et al., 2025; Yang
et al., 2025). Language models partly know what they know (Kadavath et al., 2022), and abstention
has been studied for language models and agents (Wen et al., 2024; Luo et al., 2026).

B MATHEMATICAL BACKGROUND AND THE CONSTRUCTION PIPELINE

B.1 MATHEMATICAL BACKGROUND

Regular realizations. Fix a finite group G and write Gg = Gal(Q/Q). A regular realization
of G over Q(T) is a Galois extension N/Q(T') with group G in which Q is algebraically closed.
It is given by a polynomial F'(T, V) € Q|[T, V] with splitting field N. By Hilbert’s irreducibility
theorem, F'(to, V') has Galois group G over Q for infinitely many ¢y € Q (Serre, 1992; Volklein,
1996; Malle & Matzat, 2018). Specializing a regular realization is the classical way to realize
a simple group over Q and the one used for all 26 sporadic groups (Malle & Matzat, 2018; Huang
et al., 2026); other methods exist, for example Galois representations for PSLo (F p) (Zywina, 2015).

Covers and Nielsen classes. A regular realization is the function field of a G-cover of P! defined
over Q, that is, of a Galois cover with group G that is defined over QQ together with its automor-
phisms. Over C, Riemann’s existence theorem classifies the G-covers with given branch points

t1,...,t.: after a choice of standard generators of 71 (P* \ {t1,...,t,}), they correspond to the
tuples (g1, ...,g,) of non-identity elements of G with g1 --- g, = 1 and {(g1,...,¢9.) = G, up to
simultaneous conjugation. Such a tuple is a generating tuple. For a class vector C = (C4,...,C;)

of conjugacy classes, the Nielsen class Ni(G; C) is the set of generating tuples with g; € C;, up to
simultaneous conjugation, and |Ni(G; C')| is the Nielsen count. The braid group on r strands acts
on the larger set in which the classes C1, . .., C,. occur in any order. Its orbits, the braid orbits, cor-
respond to the connected components of the Hurwitz space H(G; C) of G-covers with r unordered
branch points and these classes (Fried, 1977; Fried & Volklein, 1991; Romagny & Wewers, 2006).
The pure braid group preserves Ni(G; C'), and its orbits there correspond to the components for or-
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dered branch points. For = 3 the pure braid group acts trivially: each element of Ni(G; C) is one
cover, and a braid orbit is one cover with its branch points in every order.

[ Input: a finite group G with Z(G) = 1. Goal: an explicit regular G-extension of Q(7). ]

!}

S1
[ 1 Class data and census. Gg-action on the classes, Nielsen counts |Ni(G; C')|, candidate three- and four-point class vectors.

| I I
THREE-POINT LANE RIGID FOUR-POINT LANE

skip 2-6 e.g. My, May
52 .
2-4 Braid orbits. Genus-0 Hurwitz components and 7(4)  Qet up. Action, genus gx, Nielsen count, con-
the three-point candidates at their cusps. figuration types.

L2 v
5-6 Galois action on the covers. Branch locus over 8 Exact search for (X, t). Finite-field seeds and

; covers fixed by complex conjugation; -orbits of i g . .
%ver;, xed by il oot i lifting, or rational points on relation curves.

L2 S3 y [S3
7-9 The cover (X,t). Numerical uniformization, 9™ Verify (X, t). Fibres over every branch place.
then exact equations and the Belyi map ¢. Exactly four branch points.

H i Existence only. A rigid triple of rational ‘;
i i classes proves a regular realization over i

i Q(T). No polynomial is computed when ]
' G has no faithful permutation representation i

: of manageable degree (Ly, Th, J4, B, M). |

10 Descent to Q. Descend (X, ¢) from its field of definition L along a Gal(L/Q)-action fixing ¢; choose an invariant s
with Q(¢, s) = Q(X).

17 S4
11 Relation F'(T", V') and regularity. Certify Ggeom = Garith = G.

L2 S5
{ 12 Specialization. to € Q off the bad locus; certify Gal(F(to, V)/Q) = G. Reduce the height. Fl
[ Output: F(T,V) € Q[T, V] regular over Q(T") with group G.  f(V) = F(to, V) with Gal(f/Q) = G. ]

() group combinatorics () covers and moduli () explicit geometry

() arithmetic over Q IGP-Bench checkpoint k

Figure 5: The construction pipeline followed by GALOIS. Stage 1 is common to all groups. The
pipeline then splits by the number of branch points and rejoins at Stage 10; the descent to QQ and the
certification are the same in both lanes. Only Stage 7 of the three-point lane is numerical. G,,itn
and Ggeom are the Galois groups of F over Q(T') and over Q(T'). A rigid triple of rational classes
(INi(G; C)| = 1) skips Stages 2-6; it proves existence, and it yields a polynomial only if the group
has a faithful permutation representation of manageable degree. White tags mark the five generic
IGP-Bench checkpoints: S1 generating tuple, S2 braid orbit, S3 geometric cover, S4 regular family
over Q(T), and S5 final polynomial over Q.

Necessary conditions over Q. Let x: Go — (Z/|G|Z)* be the cyclotomic character, so that
o(¢) = ¢X(9) for every |G|-th root of unity ¢, and write C™ for the class of the m-th powers
of the elements of a class C. A class vector is Galois-stable if, as a multiset, it is stable under
C; — C!" for every m prime to |G|. Suppose that a G-cover with class C; at ¢; is defined over Q.

Then (i) Gg permutes the branch points, and the class at o (¢;) is C’Z-X(a) ' (the branch cycle lemma;
Fried, 1977), so that C is Galois-stable; (ii) the cover is a Q-rational point of H(G; C'), which is
defined over Q because C' is Galois-stable, so the component that contains it, that is, its braid orbit,
is defined over Q; (iii) its element of Ni(G; C) is fixed by complex conjugation, which acts on the
Nielsen class by an explicit involution determined by which branch points are real (Debes & Fried,
1994). Conditions (i) and (iii) are finite computations in G; condition (ii) can be read off the group
only in special cases. The simplest case of (i) is that of rational classes at rational branch points.
For (2A4,23A,23B) in Mag, the classes 23A and 23B are interchanged by Gal(Q(v/—23)/Q), so

the two branch points that carry them lie in Q(1/—23) and are conjugate. Conditions (i) and (iii)
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are necessary, not sufficient: exactly one of the seven covers of this class vector is defined over QQ
(Huang et al., 2026), while complex conjugation fixes three of them.

Rigidity and explicit construction. Suppose that Z(G) = 1. A class vector C is rigid if
INi(G; C)| = 1. If C is rigid and its classes are rational, then G has a regular realization over
Q(T) with rational branch points, and no equation needs to be computed (Belyi, 1980; Thompson,
1984; Matzat, 1987). This theorem and its generalizations give regular realizations of every spo-
radic group except Mo3 (Malle & Matzat, 2018). An explicit polynomial requires equations for the
cover; among the Mathieu groups they were published for M7, M1, Mso, and Moy (Matzat &
Zeh-Marschke, 1986; Malle, 1988; Granboulan, 1996) and, in 2026, for M>3 (Huang et al., 2026).
In the pipeline of Figure 5, the equations of a three-point cover are found by computing a numerical
uniformization, recognizing exact equations, and descending them to Q (Couveignes, 1999; Klug
et al., 2014; Sijsling & Voight, 2014); four-point covers are found by an exact search.

B.2 PIPELINE STAGES

Figure 5 divides the construction into twelve stages, which GALOIS follows, and marks the five
generic IGP-Bench checkpoints. Appendix C goes through the stages for Mo3.

C THE M,3 TASK

The worked route. The twelve steps below follow the stages of Figure 5 for the realization of Mag
(Huang et al., 2026; Zhang, 2026). The correct route is the three-point class vector (24, 234, 23B).
Each of its seven covers also arises at the cusps of one of seven pure braid orbits of length two for
the four-point class vector (234,234, 23B, 23B), and steps 2—4 reach the route in this way.

1. Candidates. M3 has 16 nontrivial conjugacy classes, hence (138) = 816 unordered class triples,
of which 86 are Galois-stable. No Galois-stable triple has Nielsen count one, so rigidity does
not apply. Among the Galois-stable triples, the smallest positive Nielsen count is 7, attained by
(24,23A,23B) (Huang et al., 2026). The benchmark also records routes that were tried in the
literature and failed, such as (24, 8A4,8A).

2. Braid orbits. Each pair a € 234, b € 23B with ab € 2A and (a,b) = Ma3 gives a seed
(a,a,b,aba™') in Ni(Mag; 234,23 A, 23B,23B). There are seven seeds. Closing each of them
under the pure braid generators 312, 813, 814 in GAP gives seven distinct orbits Z1, . . ., Z7, each
of length two.

3. Genus and cusps. Let )\ be the cross-ratio of the four branch points. Each Z; is the fibre of a
cover of the A-line of degree |Z;| = 2, unramified outside 0, 1, co. The three braid generators
act on Z; with (c1,ca,¢3) = (2,1,1) cycles, so Riemann—Hurwitz gives g = 1 + 3(]Z;] —
c] — Co — C3) =1+ %(2 —4) = 0. The two cusps over one of the three points carry triples in
(23A4,23B,23B) and in (234, 23A, 23 B); the cusp over each of the other two points carries the
triple (ab, a, b) of the seed, in (24, 234, 23B), so each of the seven covers of the route arises
from exactly one Z;.

4. Route identification. =~ Check that each orbit contains a seed (a,a,b,aba™!) with
(a,b)y = Mog, that (24,23A,23B) is Galois-stable, and that the number of orbits equals
INi(Mas; 24,234, 23B)| = 7.

5. Branch points. The classes 234 and 23 B are interchanged by Gal(Q(1/—23)/Q). Take the
branch locus T'(T? + 23) = 0, with 2A at 0 and 23 A, 23B at +/—23.

6. Galois action on the covers. Gg permutes the seven covers, with orbits of lengths 1 and 6
(Huang et al., 2026); complex conjugation acts by [(g1, g2, 93)] = [(g7 ", 95 ', 95 *)] and fixes
three of them. The cover fixed by G has field of moduli Q. Since Ma3 has trivial center and
is its own normalizer in Sz, the field of moduli is a field of definition (Coombes & Harbater,
1985; Debes & Douai, 1997), so the cover descends to Q.

7. Analytic model. The curve X is non-hyperelliptic of genus 4. A uniformization X (C) = I'\D
by a Fuchsian group I" acting on the unit disc D gives four holomorphic differentials as power
series at a suitable point.
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8. Exact equations. The four series define the canonical map to IP3, whose image is cut out by
a quadric @, and a cubic ®3 with coefficients in Q(v/—23). Both must be recognized from
numerical data and then checked exactly. In triangle-group coordinates, the recognition failed at
40, 60, and 90 digits. In Galois-equivariant coordinates defined through the Belyi map, 40 digits
sufficed for ®5, and a separate reduction algorithm recovered ®3 from the same data (Zhang,
2026).

9. The map. Recover the degree-23 map ¢: X — P! from the points above the branch locus.
10. Descent. Descend (X, ) to Q and choose s € Q(X) with Q(X) = Q(t, s).

11. Relation and regularity. Compute F(T,V) € Z|T,V] of degree 8 in T and 23 in V with
F(t,s) = 0. Certify that F' is irreducible with the expected branch behavior and that Ggeom =
Glarith = Mog; the identification of the group uses a reduction modulo 31 checked in Magma.

12. Specialization. Choose a rational ¢y off the bad locus, set f(V) = F(to, V), reduce f with
polredabs, and certify Gal(f/Q) = Mys in Magma. The number field of the published
polynomial is unramified outside {2, 3,23}.

Checkpoint ladder. The Mj3 task has seven checkpoints instead of the generic five. The con-
struction score C' is the value attached to the deepest verified checkpoint; the generic checkpoint to
which each one corresponds is given in parentheses.

1. A generating tuple of Ms3, given by permutations of degree 23 (S1; C' = 0).

2. A complete list of representatives of the elements of the Nielsen class of one class vector, enu-
merated in GAP under a cap of 2 x 106 candidate tuples (S2; C' = 5).

3. A geometric cover: an equation over Q with its branch cycles, or an equation over a number
field, optionally with data that identify its branch cycles (S3; C' = 15).

4. A certificate that the field of moduli is Q (S4; C' = 20).
5. A descended cover over Q with its descent isomorphisms (S4; C' = 25).

6. A regular family over Q(T'), verified from exact branch data and from the Galois group, Ma3,
of its reduction modulo a prime of good reduction (S4; C' = 30). Magma’s generic computation
of the geometric Galois group does not finish in practical time in degree 23.

7. A degree-23 polynomial that is irreducible, has square discriminant, and has Galois group Mo3
by Magma’s GaloisProof, or a specialization certificate for a verified family (S5; C' = 40).

The route-identification score has a task-specific rule: R = 30 for a verified braid-orbit size, a veri-
fied Nielsen count, or a complete list of representatives of the elements of Ni(Mag; 24, 23A,23B),
attached to an explicit generating triple. Checkpoint 2, by contrast, accepts a complete list of rep-
resentatives for any class vector, which is why 16 of the 18 runs on M3 obtain the 5 points of
checkpoint 2 (C' = 12.5 in Table 9) although only four of them earn R. The screening score also
has a task-specific schedule. Verified facts have weights from 1, for a product-one check, to 6, for
a Hurwitz model or an existence theorem. Within each of six categories of facts, a class vector
counts once, with its heaviest verified result, so results on different class vectors add up, unlike on
the generic ladder.

D METRIC DEFINITIONS

D.1 PROGRESS SCORE

Checkpoint ladders. The generic ladder has five checkpoints: a generating tuple (S1), a braid
orbit (S2), a geometric cover (S3), a regular family over Q(7") (S4), and a final polynomial (S5). Six
tasks, those for My, Maz, SLo(13), SLy(19), and two Rubik’s cube groups, have ladders adapted
to their known constructions. Appendix C gives the Ms3 ladder; the M, runs of this paper were
scored on the generic ladder.

Screening score. S is the sum of the weights of the verified facts that the run establishes about
class vectors, tuples, orbits, families, and polynomials, capped at 30. On the generic ladder, each
kind of fact has a weight from 1 (a necessary condition) to 3 (rigidity) and counts once per run, on
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however many class vectors it is verified; statistical evidence earns nothing. Task-specific sched-
ules may use other weights and another counting rule (Appendix C). A run that earns the route-
identification score receives S = 30.

Route-identification score. R = 30 if a single artifact contains a generating tuple on a correct
route together with a verified braid-orbit computation on that route, and R = 0 otherwise. A task
with its own ladder may have its own rule; Appendix C gives the rule for Mos.

Construction score. (' is determined by the deepest construction checkpoint verified on a single
route. On the generic ladder, a generating tuple and a braid orbit earn no construction points, a cover
earns 15, a regular family 30, and a final polynomial 40. Construction credit does not require prior
literature support for the route: a verified polynomial earns C' = 40 whatever route produced it.

Route ledger. The ledger lists 141 routes from the literature, 129 of them for 64 of the benchmark’s
groups. Section 3.2 defines which routes are correct for a task. For R, the evaluator identifies the
conjugacy classes of a submitted tuple in GAP and compares them with the ledger; the class names
that the agent declares play no role.

D.2 RESOURCE METRICS

Cost attribution. An agent that opens an artifact declares it either as screening, that is, work not
dedicated to one class vector, or as research on one or more named class vectors; an artifact shared
by several class vectors carries weights that sum to one. Work on a strategy that is not a class vector
is declared as such and enters neither the screening cost nor a route cost. The evaluator attributes
each model call and each tool call to the artifact that is open when the call is made. The agent
finalizes an artifact as a result, a negative result, or abandoned, and an artifact that is open when the
run ends is finalized as abandoned. We use three resources r: output tokens (the default), tool CPU
time, and worker time. Output tokens are the provider’s output count; where a provider also reports
reasoning tokens, they are part of that count. Tool CPU time excludes model inference. Worker time
is the time during which the artifact is open, summed over parallel workers, so it can exceed the
elapsed time. A resource that was not measured for a run is undefined for that run. Cost incurred
while no artifact is open is reported separately as unattributed and enters neither U, nor K, so a run
that records only part of its work in artifacts is scored on that part.

Resource efficiency. Let A be the set of finalized artifacts and r(v) the cost of v € A. An artifact
is credited if a checkpoint verified in it is deeper than every checkpoint verified earlier in the run, if
the verified final submission is made from it, if it is the first artifact in which a fact counted in S is
verified, or if it earns R. Let U C A consist of the credited artifacts and of every artifact on which
they depend, directly or indirectly. Then

ZvGU r(v)
ZveA T(“).

Knowing when to stop. Let B, be the total cost of the screening artifacts. A route is researched
if some research artifact names it; here a route is a group together with class names as the agent
declares them. Its cost is the sum of the costs of the research artifacts that name it, each multiplied by
its weight for the route. Let n and n_ be the numbers of researched correct and wrong routes and
C;t, C; their total costs. Put C;F = CF /ny if ny > 0 and CF = 0 otherwise. Equation (2) then
defines K. In particular, K, = 100 if only correct routes are researched, K, = 100 B,./(B, +C,")
if only wrong routes are, and K, = 0 if in addition the run records no screening cost. K, is
undefined if no route is researched or if the denominator is zero. A class vector that occurs only in
screening artifacts contributes to B, but to neither route count. Figures 6 and 7 show an example
graph, on which both metrics are computed, and the artifact graph of a run.

U, = 100

Route labels. K., requires a label, correct or wrong, for every researched route. The evaluator as-
signs these labels during scoring. We also label the researched routes afterward against the literature
and apply the same formula; we call these retrospective labels. K, uses the evaluator’s labels where
they are recorded and retrospective labels otherwise (Table 8).
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T

Figure 6: U, and K, on an example graph. Each artifact v is marked with its cost r(v). Bold
blue boxes mark the two credited artifacts, each with a verified checkpoint; no other artifact earns
credit in this example. Grey: screening, B, = 10. Green: the correct route, with research cost
C’j’ = 20. Red: two wrong routes, with research costs 30 and 10, so C;7 = 20. The credited
artifacts and the artifacts they depend on cost 30 out of 70, so U, = 100 - 30/70 =~ 43, and
K, =100 (10+20)/(104 20+ 20) = 60. A value K, = 100 means that no cost is spent on wrong
routes after screening.

ngld Aut(M22) Descend to M22:
(11A,2B,4C) |1 (11A,11B,24) Braid orbit
#4 - 155K tok - S2 #11 - 0.9K tok - S2 (ER, 08,
#7 - 49K tok - S2
Descend to M22:
(5A, 5A, 6A)
Literature survey: Rigidity scan: no 5gld Aut(M22) / #6 - 7.5K tok - S1
no M22 route rigid M22 triple  |——]  (5A, 2B, 12A)
#2 - 6.5K tok #3 - 54.0K tok #5 - 4.6K tok - S2
Pullback and Regular family
GaloisProof over Q(T)
Exact genus-0 /'
Belyi map #9 - 40.6K tok - S5 #10 - 8.1K - unsupported
#8 - 57.6K tok

(2A, 4A, 11A):
nof K-closed

#12 - 4.1K tok - S2

_____

C] Credited (counts toward U,) D Not credited ! | Negative result D Verified checkpoint

Unattributed overhead: 21.8K tok

Figure 7: Artifact graph for a Claude Opus 5 run that realizes M2 (P = 100). Boxes are arranged
by dependency depth and show output tokens and the strength of the certified checkpoint. Filled
boxes count toward U,.; bold borders mark verified checkpoint claims. The run finds no rigid triple
of rational classes in Mag, certifies two rigid triples in Aut(Maz), descends one to Mao, solves its
Belyi map exactly, and certifies the pulled-back polynomial (S5).

D.3 PROTOCOL AND TOOL-USE METRICS

Format compliance. A deterministic formatter checks each artifact record and each final submis-
sion against the published format, and issues at most two repair reminders. Let n; be the number of
records and submissions accepted after exactly ¢ reminders and ng,; the number never accepted; a
resubmission after a reminder is not counted again. Then
100 ng 4 5071 + 139 ny

ng + N1 + N2 + Niail
which is undefined for a run with no record and no submission.

Iy =

Description fidelity. An LLM judge (Claude Sonnet 5, called through the Claude Code CLI with
tools disabled) compares each finalized record of a result or of a negative result with the execution
log and labels it correct, incorrect, or undetermined. If NN, records are labeled correct and NN;
incorrect, then n = 100 N./(N. + N;), which is undefined if N. + N; = 0. Description fidelity
does not enter the progress score.
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Tool use. Let T be the set of tool calls and T}, C T the set of calls with a parseable action and valid
arguments. Validity is |T|/|T|. Termination is the fraction of the calls in 75, that run to completion;
a call that exits with a nonzero status has completed.

D.4 TASKS WITHOUT A KNOWN CORRECT ROUTE

Verification requires no reference solution, so screening and construction are also scored on tasks
for which the ledger contains no correct route, including tasks with known realizations.

The open-case profile scores a task for which the ledger has no correct route (Table 11). It keeps
the 30/30/40 split and the generic construction ladder, and it replaces route identification by the
resolution of a candidate passport. Let n be the degree of the permutation representation of G fixed
by the task. A candidate passport is a class vector {Cy, Ca, C3} of non-identity classes, taken up to
order, such that (i) it is Galois-stable; (ii) at least |G|/|Z(G)]| triples (g1, g2, 93) € C1 x Cy x Cs
have product one, the number that one generating triple contributes; (iii) its Riemann—Hurwitz genus
g in degree n satisfies 0 < g < gmax. We take gmax = 2, except for Sz(8) and PSLy(27), where
Jmax 18 the smallest genus g > 0 of a class vector that satisfies (i) and (ii), 4 and 9, respectively; for
Sz(32) no class vector with 0 < g < 12 satisfies (i) and (ii), and gmax = 2 is kept. Every regular
realization of G over Q(T') with three branch points whose cover of degree n has genus at most
Jmax has its class vector among the candidates.

A run resolves a candidate by one of three results, the first two recomputed by the evaluator in GAP:
no triple in (ii) generates G (N4); no element of Ni(G; C) is fixed by complex conjugation, whether
the three branch points are real or one is real and two are complex conjugate, so that no G-cover
with this passport is defined over R (N7; Débes & Fried, 1994); or a verified cover over QQ with this
passport. The first artifact that resolves a candidate earns R = 30, once per run, and brings S to
30. In addition to the facts of the generic ladder, S credits a correct list of the candidates, correct
counts of the elements of Ni(G; C) and of those fixed by complex conjugation, and an obstruction
N7. Numerical results earn no credit.

E EXPERIMENTAL SETUP DETAILS

Table 4 lists the nine systems.

Table 4: System configurations. Every run has the same budget: 10 hours, a cap of 500,000 output
tokens, eight CPUs, and 64—-192 GB of memory depending on the task. Each system has two runs
per task; the two Fable runs per task come from separate batches, on 23 and 29 September 2026.
Other runs, among them earlier 6-hour runs of GPT-5.6 Sol and Terra and the Claude Haiku runs,
are not included.

System Model id Harness Effort Runs pertask n
Claude Opus 5 claude-opus-5 Claude native (Claude Code) xhigh 2 10
GPT-6 Sol gpt-6-sol Codex native xhigh 2 10
GPT-6 Astra gpt-6-astra Codex native xhigh 2 10
Claude Fable 5.1 claude-fable-5-1 Claude native (Claude Code) max 2 10
GPT-5.6 Sol gpt-5.6-sol Codex native xhigh 2 10
GPT-5.6 Terra gpt-5.6-terra Codex native xhigh 2 10
Claude Sonnet 5  claude-sonnet-5 Claude native (Claude Code) xhigh 2 10
DeepSeek V4 Pro  deepseek-v4-pro-0813  OpenRouter adapter xhigh 2 10
GLM-5.3 Flash  z-ai/glm-5.3-flash OpenRouter adapter xhigh 2 10

Sandbox. Each run has its own workspace, isolated by Bubblewrap at the filesystem level and
by a seccomp policy that blocks all network access except Magma’s license check. The environ-
ment provides Python 3.12 with SymPy and mpmath, GAP 4.15.1 with ctbllib, atlasrep,
tomlib, and mapclass, Magma V2.29-9, and ripgrep; the GPT-6 Sol runs used Python 3.11.16
and Magma V2.26-5. Jobs run on an institutional HPC cluster, one task per job, with eight cores.
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Limits. A shell command issued by the agent times out after 7,200 s; many runs, among them the
Opus runs and ten GPT-5.6 runs, were configured with 1,800 s. A Magma call made by a checkpoint
verifier is limited to 21,600 s, a braid-orbit enumeration to 2x 10° classes, and a Nielsen enumeration
to 2 x 10% candidate tuples. A verifier call that exceeds its limit returns unsupported, and the
checkpoint is not credited.

Runs. The analysis covers 90 runs, two per task for each of the nine systems in Table 4. Stored
answers are Magma’s polynomial database, stored number fields, and stored Belyi maps; they were
blocked for Opus, GPT-6 Sol, Fable, and the second runs of GPT-5.6 Sol.

F GALOIS DETAILS

Figure 8 shows the control loop of Section 4.

Lead agent Strategy review

N Deterministic checker . § Runner
reads goal, evidence, step . valid mathematical fit; approved e
format, inputs, paths, . tools and specialist
tools; proposes one s off, advisory, 5
limits, independence . workspaces, in parallel
bounded step or blocking
} A
1
continue / redirect / stop e o e e the lead reads the sheet before its nextsiep
Rejection layer: when to leave a route Y
screens: generation, rationality, x-closure, Nielsen count, genus read Evidence sheet

invariants: canonical form; skip unchanged candidate work
route-rejection agent (advisory): checks a route against the literature
budgets: per-route token and time limits, feasibility gate

outputs, errors, timeouts,
verifier verdicts

Figure 8: The GALOIS control loop. The lead proposes one resource-limited step. A deterministic
checker validates it, an optional strategy reviewer checks its mathematical fit, and a runner executes
it using registered tools or specialist workspaces. Outputs, timeouts, and errors go into an evidence
sheet that the lead reads before its next step. The rejection layer uses cheap screens to admit and
rank candidates, normalization invariants to avoid repeating unchanged work, and a route-rejection
agent that checks routes against the literature. This agent only advises; rejecting a route requires an
exact certificate. Budget rules may defer work without proving the route impossible.

Run configuration. The reference runs of Table 2 use Claude Opus 5.5 at medium effort, through
the Claude CLI, as the lead agent. Strategy review is off, the route-rejection agent is on, and there is
no spend cap. Each run starts from a fresh checkout that contains only the files needed at run time.
Heavy tools run on one workstation with 16 cores and 110 GB of memory. The 36 skills encode
methods of the constructive literature: enumeration of class vectors and rigidity screens, numerical
uniformization, recognition, descent, and certification.

Scores of the reference runs. The reference runs produce no artifact graph, and their row in
Table 3 is derived from the records of the control-loop steps. All ten runs reach a verified polynomial
(Table 2), whose Galois group we recomputed in Magma after the runs; we therefore assign C' = 40
and set S and R to 30, hence P = 100. K. is computed from the output tokens of the control-loop
steps, with steps in place of artifacts, and the entry for U, counts screening and every step on the
finished route as useful.

G ADDITIONAL RESULTS

This appendix gives the analyses behind Section 6, in the order of its claims, and then the scores by
task and by run.

G.1 UNCERTAINTY AND SENSITIVITY

Table 5 gives 95% bootstrap intervals for the system means, with runs resampled and, alternatively,
with tasks resampled. If a route counts as correct only when the literature supports it for the target
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group itself, the mean progress scores are 76.2 for Opus, 62.1 for GPT-6 Sol, 59.4 for Astra, and
57.0 for Fable. With retrospective labels wherever they exist, the mean token-based K, changes
from 55.9 to 58.0 for Astra, from 92.7 to 97.3 for Fable (98.0 on its first batch, Table 8), and from
62.9 to 57.8 for GPT-5.6 Sol, and it is unchanged for the other systems at the reported precision.
With any one task left out, Opus keeps the highest mean progress score; without Ms3, GPT-6 Sol
and Astra have 65.1 and 65.5.

Table 5: System means with 95% bootstrap intervals from 10,000 resamples. Over runs: percentile
intervals from resampling runs with replacement. Task-clustered: percentile intervals from resam-
pling the five tasks with replacement, keeping every run of each sampled task.

over runs task-clustered
System n P R K, (tokens) P K, (tokens)
Claude Opus 5 10 81.0[70,92] 100.0[100, 100] 72.8 [56,87] [66,96] [57, 89]
GPT-6 Sol 10 62.1[48,76] 80.0 [50, 100]  79.1[67,91] [54,72] [64, 93]
GPT-6 Astra 10  59.4 [40, 78] 50.0 [20, 80] 55.9[34,77] [46,72] [27, 82]
Claude Fable 5.1 10  62.4[45, 80] 70.0 [40, 100] 92.7 [83,99] [45, 83] [85, 99]
GPT-5.6 Sol 10 442127, 62] 50.0 [20, 80] 62.9[48,78] [27,58] [47,77]
GPT-5.6 Terra 10 21.919, 36] 20.0 [0,50] 38.2[23, 53] [9, 38] [22, 54]
Claude Sonnet 5 10 17.5 [8, 29] 10.0 [0,30] 30.6[14, 48] [7, 28] [13, 48]
DeepSeek V4 Pro 10 7.8 5, 11] 0.0[0,0] 66.6[49, 83] [6, 11] [46, 84]
GLM-5.3 Flash 10 2.6 [0, 6] 0.0[0,0] 63.9][51,77] [0, 5] [49, 76]

G.2 CHOOSING A ROUTE AND GOING DEEPER ON IT

Section 6 compares choosing a route with going deeper on it over the 50 runs of five systems: Claude
Opus 5, GPT-6 Astra, Claude Fable 5.1, GPT-6 Sol, and GPT-5.6 Sol. These five lead whether the
systems are ranked by mean construction score or by mean route-identification score. Over their
runs, p(C, R) = 40.05; over the 40 runs of the four systems of the current model generation, a
grouping that uses no score, p(C, R) = 4+0.02 (Table 6). Over all 90 runs the correlation is +0.29,
because pooling turns the gap between the five systems and the other four into a correlation. Among
the 50 runs, 14 of the 16 with a verified polynomial earn R, against 21 of the 34 without; the
difference is not significant at this sample size (Fisher’s exact test, p = 0.10).

The construction score has correlation +0.08 ([—0.20, 40.35]) with the rest of the score, S + R;
intervals for correlations are 95% percentile bootstrap intervals over runs. Over the same 50 runs,
its correlation of +0.60 with P is no larger than what the identity P = S + R + C alone produces:
when S + R is permuted at random among the runs, the correlation is +0.69 on average over 20,000
permutations.

Table 7 gives the point contributions behind the comparison of Opus, GPT-6 Sol, and Astra in
Section 6: Astra obtains 12 more construction points than GPT-6 Sol, but 5.7 fewer screening points
and 9 fewer route-identification points.

Table 6: Spearman correlation between the construction score C' and the route-identification score
R, with 95% bootstrap intervals from 10,000 resamples of runs. The five systems that make progress:
Claude Opus 5, GPT-6 Astra, Claude Fable 5.1, GPT-6 Sol, and GPT-5.6 Sol. Current model gener-
ation: Claude Opus 5, Claude Fable 5.1, GPT-6 Sol, and GPT-6 Astra. POLY: the number of runs
with a verified polynomial. R rate: the fraction of runs that earn R. sd(R): the standard deviation
of R in points.

Group Runs POLY Rrate p(C,R) 95% C1 sd(R)
The five systems that make progress 50 16 070 40.05 [-—0.21,40.30] 139
Current model generation 40 15 075 +0.02 [-0.25,40.30] 13.2
All systems pooled 90 16 042  +0.29 [+0.07,+0.48] 14.9
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Table 7: The construction score and the progress score rank Claude Opus 5, GPT-6 Sol, and
GPT-6 Astra differently. S, R, and C' are mean contributions to P in points, with maxima 30, 30,
and 40. The last column gives C as the percentage used in Table 3.

System S R C P C (%)
Claude Opus 5 30.0 30.0 21.0 81.0 52.5
GPT-6 Sol 29.1 24.0 9.0 62.1 22.5

GPT-6 Astra 234 150 21:0 59.4 52.5

G.3 KNOWING WHEN TO STOP

Table 8 reports K- and U,. by system in the three resource units, together with the number of routes
researched per run, and Figure 9 gives the Spearman correlations between all pairs of metrics.
Over the 50 runs of Appendix G.2, the correlation between K, and C is +0.01, and the correla-
tion between K. and U, is 40.29 ([—0.02,40.56]). The within-task value of the former, +0.25
([-0.05,40.51)), is the correlation of the ranks after the mean rank of each task is subtracted. Re-
stricting instead to the 38 of the 90 runs that earn R gives p(C, K,.) = +0.03 and p(C,U,.) = +0.67:
how far a run goes on a route tracks its resource efficiency, not its K. Over the 50 runs, K, has
correlation +0.43 ([+0.16, +0.65]) with P.

Table 8: Stopping statistics by system, means over runs. Routes/run: the number of researched
routes and the number of wrong routes among them, from the retrospective labels. K, and U,
are given for output tokens, tool CPU time, and worker time. K, uses the evaluator’s route labels
where they are recorded and retrospective labels otherwise; for GPT-6 Astra and eight DeepSeek
runs the evaluator’s value is recorded for output tokens only, and the CPU and worker columns use
retrospective labels. The column retro. uses retrospective labels for every run, in output tokens. The
first K. column is the one in Table 3. Fable’s second batch has no retrospective labels: its route
counts come from the evaluator’s record, and its entry under retro. averages the first batch only.
CPU h: mean tool CPU hours per run. Means exclude undefined values, namely four GLM runs in
every unit and one Sonnet run for CPU time.

Routes/run K, K, U,
System n all wrong tok. CPU worker retro. tok. CPU worker CPUh
Claude Opus 5 10 105 93 728 53.0 66.0 728 577 60.2 56.3 22
GPT-6 Sol 10 20.5 193 79.1 61.1 756 79.1 314 29.7 30.7 0.7
GPT-6 Astra 10 3.8 29 559 544 59.4 58.0 603 62.8 56.8 0.4
Claude Fable 5.1 10 229 219 92.7 68.8 849 98.0 722 678 61.0 5.7
GPT-5.6 Sol 10 93 88 629 3838 533 578 275 233 237 2.6

GPT-5.6 Terra 10 6.9 6.6 382 342 31.6 382 246 138 16.9 3.8
Claude Sonnet5 10 3.9 39 306 82 203 30.6 269 285 26.3 24
DeepSeek V4 Pro 10 2.7 27 66.6 44.5 512 66.6 344 20.7 259 2.5
GLM-5.3 Flash 10 14 1.4 639 489 554 639 335 359 31.9 0.5

The M3 runs. Table 9 lists the 18 runs on Ms3. Sixteen of them have the same construction score,
the 5 points of checkpoint 2 (12.5 in the table), while their token-based K, ranges from 4.7 to 98.2.
The runs that identify the route complete steps 1—4 of Appendix C and parts of steps 5 and 6; none
completes step 8. The first Astra run (K, = 4.7) illustrates work that continues past an obstruction:
artifact 4 records that inversion exchanges 23 A and 23 B, which obstructs the route (24,44, 23A)
over Q, and artifacts 15-25 then build a cover on that route over a quartic field (Figure 2).

Route labels and R. Earning R and researching a route that is retrospectively labeled correct are
different events; Table 10 lists the 15 runs in which they differ.
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Figure 9: Spearman correlations between the IGP-Bench metrics over the 90 runs. Each pair uses
the runs on which both metrics are defined: K, is defined on 86 runs, I on 89, and 7 on 85.

Table 9: The 18 runs on Mas. Routes and Wrong: the number of researched routes and the number
of wrong routes among them, from the retrospective labels (from the evaluator’s record for Fable’s
run 2). K, is given for output tokens and for tool CPU time, U, for output tokens. C' = 12.51is 5
points out of 40, the value of checkpoint 2 of the Ms3 ladder (Appendix C). N/A: the run researches
no route, so K, is undefined.

System Run P R C Routes Wrong K, tok. K, CPU U, tok. Tokens (k) Hours
Claude Opus 5 run 1 65 100 12.5 1 1 17.6 9.3 229 451 5.6
run2 65 100 12.5 10 9 78.6 46.1 35.7 460  10.0
GPT-6 Sol runl 35 0 125 25 25 43.8 43 31.2 158 10.0
run2 65 100 12.5 22 21 81.1 8.7 33.0 154 10.0
GPT-6 Astra runl 35 0 125 8 8 4.7 0.9 35 500 7.4
run2 35 0 125 13 13 6.9 35 6.1 504 8.2
Claude Fable 5.1 runl 35 0 125 107 106 95.7 3.7 27.1 310 10.0
run2 35 0 125 53 53 88.3 8.6 21.8 360 10.0
GPT-5.6 Sol runl 35 0 125 11 11 39.7 4.1 20.0 83 35
run2 35 0 125 5 5 24.4 1.5 14.5 232 9.8
GPT-5.6 Terra runl 35 0 125 7 7 13.4 0.1 50.7 92 39
run2 65 100 12.5 14 13 62.4 0.8 23.2 290 10.0
Claude Sonnet5 runl 24 0 125 5 5 71.7 63.3 48.3 451 44
run2 35 0 125 2 2 40.1 0.0 64.0 411 5.8
DeepSeek V4Pro runl 20 0 125 3 3 83.1 12.1 2.1 242 1.9
run2 10 0 125 11 11 98.2 96.4 15.5 211 2.6
GLM-53Flash runl 0 0 0.0 0 0 N/A N/A 0.0 509 2.4
run2 0 0 00 2 2 48.1 97.5 0.0 446 5.0
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Table 10: The 15 runs in which the route-identification score and the retrospective route labels
disagree: nine research a route labeled correct without earning R, and six earn R without researching
one. Correct and Wrong: the numbers of researched routes with each retrospective label. K, is the
value of Table 14, which uses the evaluator’s labels where they are recorded. Fable’s second batch
has no retrospective labels and is not compared.

System Task  Run R Correct Wrong K, tok.
GPT-6 Sol MI2 run2 0 1 28 83.1
GPT-6 Astra M1l runl 0 1 1 28.6
GPT-6 Astra M12 run?2 0 1 3 63.2
GPT-6 Astra M22 run?2 0 1 1 479
Claude Fable 5.1 MI11 runl 0 2 0 54.1
Claude Fable 5.1 M23 runl 0 1 106 95.7
GPT-5.6 Sol Mi12 runl 0 1 18 78.3
GPT-5.6 Sol MI2 run2 0 1 7 37.5
GPT-5.6 Terra M1l run2 0 1 3 67.0
Claude Opus 5 M23 runl 100 0 1 17.6
GPT-6 Sol M22 runl 100 0 17 60.5
GPT-6 Sol M22 run2 100 0 11 49.5
GPT-5.6 Sol M22 run2 100 0 6 93.0
GPT-5.6 Sol M24 run2 100 0 6 40.9
Claude Sonnet5 M22 runl 100 0 8 69.9

G.4 TASKS UNDER THE OPEN-CASE PROFILE

Table 11 reports one Claude Opus 5 run on each of ten tasks, scored under the open-case profile
(Appendix D.4). The ten tasks were selected by a Magma screen of class triples that excludes
groups with a rigid triple of rational classes; five of them are Tier 2 and five are Tier 3 under the
classification used here, which retains the experimental Tier 3 label for PSL2(16). Each run had
maximum reasoning effort, 500,000 output tokens, eight CPUs, and at most 2h 48 min of agent
time. Six runs resolved a candidate passport by a proved obstruction, each within the first hour and
a half. All ten reached the braid-orbit checkpoint, and none claimed a cover.

Table 11: Ten tasks under the open-case profile. One Claude Opus 5 run per task at maximum
effort (Appendix G.4). S, R, C, and P are raw points, with maxima 30, 30, 40, and 100. level:
the deepest verified checkpoint. cand.: the number of candidate passports; res.: the number that the
run resolved. resolution: the passport, its genus, and the obstruction (N4 or N7, Appendix D.4); for
PSL3(7), two of the four resolved passports are listed. fok.: output tokens. Class names follow the
GAP character-table library.

Group gmax cand. res. S R C P level resolution (passport, genus, obstruction) tok.
Sz(8) 4 1 1 30 30 0 60 S2 (2a,5a,5a),4, N7 371k
PSU3(4) 2 1 1 30 30 0 60 S2 (3a,3a,4a),?2, N7 348k
PSU3(5) 2 16 2 30 30 0 60 S2 (2a,ba,6a),0,N4. (2a,4a,10a), 0, N7 373k
PSL3(7) 2 13 4 30 30 0 60 S2 (2a,4a,7b),0,N (2a, 4a,14a), 0, N7 402k
PSL4(3) 2 211 1 30 30 0 60 S2 (3a,5a,8a),2,N 363k
PSL2(16) 2 2 2 3 30 0 60 S2 (2a,5a,5b),0, N4 (3a, 5a, 5b), 1, N4 288k
PSL,(125) 2 1 0 23 0 0 23 S2 none N7 only on (7a, 7b, 7c) of genus 37 344k
PSU3(8) 2 4 0 23 0 0 23 S2 none. N7 only on passports of genus 22 and 64 467k
Sz(32) 2 0 0 23 0O 0 23 82 none. No three-point candidate of genus < 12 290k
PSL2(27) 9 1 0 22 0 0 22 S2 none 441k
mean 27.1 18.0 0.0 45.1

G.5 SCORES BY TASK AND BY RUN

Table 12 gives the mean scores of each system on each task, Table 13 records how the runs ended,
and Table 14 lists the 90 runs behind the means of Table 3.
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Table 12: Verified progress by system and task, means over the two runs. S, R, and C' are percent-
ages of their maxima; P is out of 100.

System Task S R C P POLY

Claude Opus 5 MI1l 100.0 100.0 50.0 80.0 50.0
Claude Opus 5 MI2 100.0 100.0 100.0 100.0 100.0
Claude Opus 5 M22 100.0 100.0 100.0 100.0 100.0
Claude Opus 5 M23 100.0 100.0 125 65.0 0.0
Claude Opus 5 M24 100.0 100.0 0.0 60.0 0.0

GPT-6 Sol MI1 100.0 100.0 0.0 60.0 0.0
GPT-6 Sol MI2 850 500 50.0 60.5 50.0
GPT-6 Sol M22 100.0 100.0 50.0 80.0 50.0
GPT-6 Sol M23 1000 500 125 50.0 0.0
GPT-6 Sol M24 100.0 100.0 0.0 60.0 0.0
GPT-6 Astra MIl 567 500 500 52.0 50.0
GPT-6 Astra MI2 60.0 500 100.0 73.0 100.0
GPT-6 Astra M22 733 500 100.0 77.0 100.0
GPT-6 Astra M23  100.0 00 125 350 0.0
GPT-6 Astra M24 100.0 100.0 0.0  60.0 0.0

Claude Fable 5.1 ~ MI1 733 500 500 57.0 50.0
Claude Fable 5.1  M12 100.0 100.0 0.0 60.0 0.0
Claude Fable 5.1  M22 100.0 100.0 100.0 100.0 100.0
Claude Fable 5.1  M23  100.0 0.0 125 350 0.0
Claude Fable 5.1  M24 100.0 100.0 0.0  60.0 0.0

GPT-5.6 Sol MI1 100.0 100.0 0.0 60.0 0.0
GPT-5.6 Sol MI2 467 0.0 00 140 0.0
GPT-5.6 Sol M22 567 500 50.0 520 50.0
GPT-5.6 Sol M23  100.0 00 125 350 0.0
GPT-5.6 Sol M24  100.0 100.0 0.0  60.0 0.0

GPT-5.6 Terra M1l 36.7 0.0 00 11.0 0.0
GPT-5.6 Terra M12 567 500 00 320 0.0
GPT-5.6 Terra M22 233 0.0 0.0 7.0 0.0
GPT-5.6 Terra M23 1000 50.0 125 50.0 0.0
GPT-5.6 Terra M24 317 0.0 0.0 9.5 0.0
Claude Sonnet5 ~ MI1 267 0.0 0.0 8.0 0.0
Claude Sonnet 5  MI12  20.0 0.0 0.0 6.0 0.0
Claude Sonnet 5 M22  66.7 50.0 00 350 0.0
Claude Sonnet5  M23  81.7 00 125 295 0.0
Claude Sonnet5  M24  30.0 0.0 0.0 9.0 0.0
DeepSeek V4 Pro MI11  20.0 0.0 0.0 6.0 0.0
DeepSeek V4 Pro MI12  20.0 0.0 0.0 6.0 0.0
DeepSeek V4 Pro M22  20.0 0.0 0.0 6.0 0.0
DeepSeek V4 Pro M23 333 00 125 150 0.0
DeepSeek V4 Pro M24  20.0 0.0 0.0 6.0 0.0
GLM-5.3 Flash Ml1 16.7 0.0 0.0 5.0 0.0
GLM-5.3 Flash MI2 6.7 0.0 0.0 2.0 0.0
GLM-5.3 Flash M22 0.0 0.0 0.0 0.0 0.0
GLM-5.3 Flash M23 0.0 0.0 0.0 0.0 0.0
GLM-5.3 Flash M24 200 0.0 0.0 6.0 0.0
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Table 13: How the runs ended: the recorded reason, and the number of runs whose counters reached
99% of the wall-time budget or of the token budget.

Recorded termination Derived from counters
System Completed Wall limit  Token limit Other Wall > 99%  Tokens > 99%
Claude Opus 5 7 2 1 0 3 1
GPT-6 Sol 4 3 3 0 3 3
GPT-6 Astra 7 1 2 0 1 2
Claude Fable 5.1 5 4 1 0 4 1
GPT-5.6 Sol 9 1 0 0 1 0
GPT-5.6 Terra 4 6 0 0 6 0
Claude Sonnet 5 10 0 0 0 0 1
DeepSeek V4 Pro 4 0 6 0 0 6
GLM-5.3 Flash 10 0 0 0 1 7
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Table 14: Scores of all 90 runs. The columns are those of Table 3; S, R, and C are percentages of
their maxima, and POLY is 100 for a run with a verified polynomial. Every run had 10 hours and
500,000 output tokens; run I and run 2 are the two runs of a system on a task. N/A: the metric is
undefined for the run (Appendix D).

Verified progress (%) Allocation  Protocol Tool use (%)
Task Run S R C P POLY U, K. Iy n Valid Term.

Claude Opus 5 (10 runs)

M1l run1 100.0 100.0 0.0 60.0 0.0 21.0 89.8 98.5 100.0 100.0 96.1
run 2 100.0 100.0 100.0 100.0 100.0 58.8 89.8 100.0 100.0 100.0 95.6

M12 run1 100.0 100.0 100.0 100.0 100.0 94.8 100.0 86.4 100.0 994 87.4
run2 100.0 100.0 100.0 100.0 100.0 95.5 95.1 95.0 100.0 100.0 83.8

M22 runl 100.0 100.0 100.0 100.0 100.0 95.1 40.7 100.0 100.0 100.0 81.2
run 2 100.0 100.0 100.0 100.0 100.0 96.2 76.7 100.0 90.0 99.3 88.2

M23 runl 100.0 100.0 12.5 65.0 0.0 229 17.6 969 100.0 100.0 91.3
run 2 100.0 100.0 12.5 65.0 0.0 357 78.6 97.7 100.0 100.0 94.9

M24 runl 100.0 100.0 0.0 60.0 0.0 29.0 782 979 100.0 100.0 97.1
run2 100.0 100.0 0.0 60.0 0.0 282 614 96.7 1000 99.6 96.1

GPT-6 Sol (10 runs)

M1l runl 100.0 100.0 0.0 60.0 00 24 928 99.1 100.0 100.0 98.8
run2 100.0 100.0 0.0 60.0 0.0 3.8 904 989 100.0 100.0 98.6

MI12 run1 100.0 100.0 100.0 100.0 100.0 64.5 959 99.2 100.0 100.0 98.3
run2 700 0.0 0.0 21.0 0.0 19.0 83.1 100.0 100.0 100.0 97.9

M22 run1 100.0 100.0 100.0 100.0 100.0 83.3 60.5 99.0 100.0 100.0 97.6
run2 100.0 100.0 0.0 60.0 0.0 645 49.5 98.8 889 1000 99.5

M23 runl 1000 0.0 125 35.0 0.0 31.2 43.8 100.0 100.0 100.0 99.8
run2 100.0 100.0 12.5 65.0 0.0 33.0 81.1 100.0 97.6 100.0 99.5

M24 runl 100.0 100.0 0.0 60.0 00 3.0 969 984 982 100.0 99.1
run2 100.0 100.0 0.0 60.0 00 9.6 97.1 99.0 989 100.0 98.3

GPT-6 Astra (10 runs)

M1l runl 133 00 0.0 4.0 0.0 99.3 286 100.0 100.0 100.0 95.7
run 2 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 97.4

M12 run1 100.0 100.0 100.0 100.0 100.0 65.3 45.8 95.0 100.0 99.0 97.1
run2 20.0 0.0 100.0 46.0 100.0 41.5 632 950 100.0 99.0 99.0

M22 run1 100.0 100.0 100.0 100.0 100.0 100.0 62.9 100.0 100.0 100.0 99.2
run2 467 0.0 100.0 54.0 100.0 77.4 47.9 100.0 100.0 100.0 97.3

M23 runl 1000 0.0 125 350 00 35 47 972 100.0 100.0 98.2
run2 100.0 0.0 125 35.0 0.0 6.1 6.9 972 100.0 99.8 984

M24 runl 100.0 1000 0.0 60.0 0.0 60.8 99.1 100.0 100.0 100.0 92.7
run2 100.0 100.0 0.0 60.0 0.0 49.0 100.0 97.6 100.0 99.8 91.8

Claude Fable 5.1 (10 runs)

M1l runl 467 00 0.0 14.0 0.0 100.0 54.1 93.8 100.0 100.0 94.8
run2 100.0 100.0 100.0 100.0 100.0 91.9 100.0 100.0 100.0 100.0 89.9

M12 run1 100.0 1000 0.0 60.0 0.0 81.2 100.0 70.0 100.0 100.0 85.9
run2 100.0 100.0 0.0 60.0 0.0 100.0 100.0 100.0 75.0 100.0 79.6

M22 runl 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0  89.7
run 2 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 85.0

M23 runl 1000 0.0 125 350 0.0 27.1 957 974 100.0 100.0 97.7
run2 1000 0.0 125 350 0.0 21.8 883 974 100.0 100.0 98.7

M24 run1 100.0 1000 0.0 60.0 0.0 27.0 94.1 97.1 100.0 100.0 93.9
run2 100.0 100.0 0.0 60.0 0.0 72.6 94.7 100.0 100.0 100.0 96.1

GPT-5.6 Sol (10 runs)

MIl1l runl 100.0 100.0 0.0 60.0 0.0 46.6 83.4 97.9 100.0 100.0 93.8
run2 100.0 100.0 0.0 60.0 0.0 20.9 835 97.1 100.0 99.3 944

MI12 runl 433 0.0 0.0 13.0 0.0 26.7 783 99.0 100.0 100.0 96.6
run2 500 0.0 0.0 15.0 0.0 27.1 37.5 983 100.0 99.8 89.7

M22 runl 13.3 0.0 00 4.0 0.0 5.8 584 984 100.0 100.0 92.8
run2 100.0 100.0 100.0 100.0 100.0 90.5 93.0 100.0 100.0 100.0 93.9

continued on next page
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Table 14 continued

Verified progress (%) Allocation  Protocol Tool use (%)
Task Run S R C P POLY U, K, Iy n Valid Term.
M23 runl 100.0 0.0 12.5 35.0 0.0 20.0 39.7 97.7 100.0 100.0 96.3
run2 100.0 0.0 125 35.0 0.0 145 244 975 1000 99.8 953
M24 run1 100.0 100.0 0.0 60.0 0.0 8.3 89.6 100.0 100.0 100.0 95.5
run2 100.0 100.0 0.0 60.0 0.0 14.6 409 979 80.0 100.0 93.7
GPT-5.6 Terra (10 runs)
MI1 runl 333 00 0.0 10.0 0.0 16.5 452 96.4 100.0 100.0 98.4
run2 400 00 00 12.0 0.0 309 67.0 929 100.0 100.0 93.7
MI2 runl 133 00 00 4.0 0.0 32 548 98.1 100.0 100.0 93.5
run2 100.0 100.0 0.0 60.0 0.0 82.7 62.8 929 1000 99.1 953
M22 runl 133 0.0 0.0 4.0 0.0 47 51 947 100.0 100.0 90.7
run2 333 00 00 10.0 00 7.6 83 974 97.1 100.0 93.8
M23 runl 100.0 0.0 12.5 35.0 0.0 50.7 13.4 100.0 100.0 100.0 91.5
run2 100.0 100.0 12.5 65.0 0.0 232 624 98.8 100.0 99.8 945
M24 runl 36.7 0.0 0.0 11.0 0.0 17.1 51.0 957 100.0 99.8 96.7
run2 267 00 00 8.0 0.0 9.1 119 96.2 100.0 100.0 91.7
Claude Sonnet 5 (10 runs)
MI1 runl 333 00 00 10.0 00 1.0 1.0 889 80.0 99.6 93.6
run2 200 00 00 6.0 0.0 03 0.0 93.8 100.0 100.0 955
MI2 runl 0.0 00 00 0.0 0.0 39.7 40.3 90.9 100.0 100.0 96.1
run2 400 00 00 12.0 0.0 16.8 0.0 944 929 996 929
M22 run1 100.0 100.0 0.0 60.0 0.0 0.7 699 947 1000 99.5 964
run2 333 00 00 10.0 0.0 40.1 199 95.7 100.0 100.0 96.4
M23 runl 633 0.0 12.5 24.0 0.0 483 77.7 974 1000 99.6 964
run2 100.0 0.0 125 35.0 0.0 64.0 40.1 93.8 100.0 100.0 95.8
M24 runl 200 0.0 0.0 6.0 0.0 1.1 11.3 947 1000 99.8 952
run2 40.0 00 00 12.0 0.0 56.5 46.0 944 1000 99.7 97.0
DeepSeek V4 Pro (10 runs)
M1l runl 200 0.0 0.0 6.0 0.0 169 445 88.9 100.0 100.0 91.9
run2 200 00 00 6.0 0.0 81.1 82.6 80.0 66.7 1000 884
MI2 runl 20.0 00 00 6.0 0.0 03 236 80.0 66.7 100.0 89.0
run2 200 00 00 6.0 0.0 165 264 90.0 750 985 948
M22 runl 0.0 00 00 0.0 0.0 184 81.5 750 750 994 89.6
run2 400 00 00 12.0 0.0 953 87.7 87.5 1000 994 90.5
M23 runl 50.0 0.0 12.5 20.0 0.0 2.1 83.1 950 100.0 100.0 92.5
run2 16.7 0.0 125 10.0 0.0 15.5 98.2 100.0 100.0 100.0 76.5
M24 runl 20.0 0.0 0.0 6.0 0.0 58.0 99.3 83.3 100.0 100.0 87.7
run2 200 00 00 6.0 0.0 40.0 38.8 85.7 100.0 984 852
GLM-5.3 Flash (10 runs)
M1l runl 0.0 0.0 0.0 0.0 0.0 832 81.8 75.0 100.0 98.6 88.9
run2 333 00 00 10.0 0.0 9.6 648 625 1000 97.0 78.1
MI2 runl 0.0 00 00 0.0 0.0 00 NA 00 NA 966 878
run2 133 00 00 4.0 0.0 63.7 562 66.7 667 98.5 844
M22 runl 0.0 00 00 0.0 0.0 0.0 N/A N/A NA 1000 754
run2 00 00 00 0.0 0.0 999 452 61.1 N/A 983 903
M23 runl 0.0 0.0 0.0 0.0 0.0 0.0 N/A 333 NA 949 865
run2 0.0 00 00 0.0 0.0 0.0 481 463 333 928 792
M24 runl 40.0 0.0 0.0 12.0 0.0 78.1 87.1 722 750 973 787
run2 00 00 00 0.0 0.0 0.0 NA 61.1 NA 984 704
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